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Silken slippers and hobnailed boots 


BURTON W. JONES, University of Colorado, Boulder, Colorado. 


The present situation in mathematics education has no parallel 
in the history of the schools. There is reason 


My TITLE IS TAKEN from a quotation at- 
tributed to Voltaire: ‘History is but the 
pattern of silken slippers descending the 
stairs to the thunder of hobnailed boots 
climbing upward from below.” This is a 
saying to make one shudder. It is good for 
us that the thunder of boots is very loud 
these days, but we also are mindful of 
many rising movements in history that 
were cut down by internal and external 
forces. Napoleon was a leader of a rising 
power that made the world tremble—but 
he had his Waterloo. Hitler was a man of 
destiny—a spiritual as well as a temporal 
leader—but he fell too, and the Nazi 
dreams of glory met a flaming death. So 
the other side of the picture is shown by a 
familiar scene from The Talisman (Chap- 
ter 27). You remember that Richard the 
Lion-hearted was the guest of Saladin, and 
each was extolling the prowess of his na- 
tion. Richard with one mighty blow of his 
sword cleft a mace. But 
a silken pillow be 


heavy steel 
Saladin asked that 
brought, and with one deft stroke of his 
slender scimitar sliced it in two. 

Arnold Toynbee points out that though 
one can see some of the degenerative forces 
that have led to decay of civilizations in 
the past at work in our own, there is no 
reason why we cannot, if we will, set in 
action forces of preservation. He has 
written: 

Civilizations, I believe, come to birth and 
proceed to grow by successfully responding to 
successive challenges. They break down and go 
to pieces if and when a challenge confronts them 
which they fail to meet. Not unnaturally there 
are challenges that present themselves in the 
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to be hopeful about future developments. 


histories of more than one civilization. And the 
peculiar interest of Graeco-Roman history for us 
lies in the fact that the Greek civilization broke 
down in the fifth century B.C. through failing 
to find a successful response to the very chal- 
lenge which is confronting our own Western 
civilization in our own lifetime.! 
Toynbee goes on to indicate that the de- 
struction of the Graeco-Roman civiliza- 
tion was due to failure to replace an inter- 
national anarchy with some kind of inter- 
national law and order. Such international 
order can today come about in one of two 
ways: by one nation’s conquering the 
world or by the co-operation of all nations. 
The present efforts of this nation are 
toward making itself strong—strong in its 
friends and strong internally—so that, 
first, no nation can conquer the world and 
so that, second, the passage of time and 
the threat of total destruction may force 
us and the rest of the world into a system 
of international law. One phase of this 
struggle is improving the education of our 
youth. And there are many facets of edu- 
cation: not only science and mathematics, 
but social sciences, languages and litera- 
ture, and that all-important education 
outside of the classroom. It is probably 
true that the final victory of mankind will 
not be won in the laboratories but in the 
field of human relations, though the 
former seems to be exerting marked effect 
on the latter. There are significant and 
vital new programs in foreign languages 
as well. But this article will not be con- 


1 Toynbee, Arnold, Civilization on Trial (New 
York: Oxford University Press, 1948), pp. 56 ff. 





cerned with international law, politics, 
religion, or the like. It will concern itseif 
with the realm of education and, in par- 
ticular, science and mathematics. This 
choice is not dictated by relative impor- 
tance but by the competence of the author. 
Here will be discussed some of what he 
considers to be the degenerative forces at 
work today in American education so that 
we may strive to avoid them and some of 
what he considers to be the regenerative 
forces so that we may cultivate them. We 
shall see that some forces belong in both 
categories. 

The first to be mentioned is our habit of 
self-criticism. A few months ago, in a 
popular magazine, appeared a most in- 
temperate criticism of U. 8. education. One 
of the select few in the Russian school sys- 
tem was contrasted with a not-so-bright 
American school boy. A picture was shown 
of a Russian blackboard with symbols of 
inequalities, and the comment was made: 
‘““A hard math taught in few U.S. schools.” 
The author of the article (who is there 
identified as someone who is “best known 
as a novelist’’) also points with horror to 
the fact that only 25 per cent of our sec- 
ondary-school students take physics. This 
is about one-fourth of the total population 
of school age. In England, however, about 
one-fifth of the boys and girls go to gram- 
mar schools and public schools. Only in 
such schools would a course be offered 


comparable to our physics course in high 
school. In one grammar school, which the 
author knew in London, less than one- 
third of the students took physics—the 
others were so unwise as to prefer the lan- 


guage courses or the social sciences. Cer- 
tainly in England the proportion of the 
population of school age taking physics is 
much less than in this country! 

These are just two examples of the mis- 
information and bias of the article. It is 
too bad that it will be read all over the 
world as an authoritative pronouncement 
on the decadence of the U. 8. system of 
secondary education. 

In London there is a little shop (prob- 


ably more than one) where one can get all 
sorts of Communist publications, but they 
are not usually on sale at the newsstands 
there because not enough people want to 
buy them, and very rarely does one see a 
copy of The Daily Worker being read in 
the Underground (i.e., subways) of Lon- 
don. A look at some of the literature 
quickly reveals the reason—it just is not 
interesting. What one first notices is the 
complete lack of self-criticism. Any person 
reading it would realize that it must be 
false. Even in Russia, news of some dis- 
satisfaction with its system of education 
is allowed to escape. Certainly the British 
are critical of their educational system— 
at many social gatherings among parents 
this is a heated subject of conversation. 
But somehow one does not hear this sub- 
ject outside Great Britain. The Dutch do 
not like their school system either, and 
they are quietly trying to correct it. 

Too much of the criticism of our edu- 
cational system is irresponsible and unin- 
formed. Those constructively working to 
improve the system have a duty also to 
educate the decriers. This has been done 
in many instances, and critics converted to 
workers, with the result that many scien- 
tists and mathematicians are now taking 
an active part in the education of the 
young in their communities and are inci- 
dentally becoming educated themselves. 
We cannot survive without self-criticism, 
but let us not despair. In a way this atti- 
tude of self-criticism is one of the most 
lovable characteristics of the American 
people: we are masters of advertising 
everything but ourselves. It is for this rea- 
son that our foes (and friends) always un- 
derestimate us. Certainly we must not un- 
derestimate ourselves. 

Second, the word “democracy” some- 
times strange meanings in 
people’s minds and arguments. It is proper 
that the best physical specimens in the 


takes on 


school be given special instruction in foot- 
ball by a highly paid staff and in college 
be given special scholarships. In the game 
of football, no one is surprised that only a 


Silken slippers and hobnailed boots 323 





select few are allowed to carry the ball. A 
boy whose father can buy him a car is 
“entitled” to have it. Students of low in- 
telligence should be given special treat- 
ment by specially trained teachers. That 
this is part of democracy no one will deny. 
But attempts to separate gifted students 
are often called ‘undemocratic,’ and fear 
is expressed that those not selected will 
wilt under the brand of inferiority. Fortu- 
nately these voices are being heard less 
and less in the land, and special programs 
and inducements for gifted and superior 
students are sprouting everywhere and 
growing like weeds. Even in these pro- 
grams we must watch out for the word 
“acceleration,” since depth and inspira- 
tion are rather what we need. Henry T. 
Heald, president of the Ford Foundation, 
at an address given at the Sesquicentennial 
Dinner of John Wiley and Sons, said these 
ringing words: 

I think no head is so full that one idea must 
depart before another can enter. I believe no 
idea is so pristine that its opposite is unthink- 
able. And it encourages me to know that the 
flames arising from all the books ever burned 
have not the candlepower of one spark from an 
ignited imagination. 

This strange conception of democracy is 
also used by some teachers and teachers’ 
organizations to imply that all teachers 
should be treated alike. In some school sys- 
tems a few teachers are given special 
courses and released time to prepare for 
these courses. It is hard to convince some 
of their colleagues that what benefits a few 
in time can benefit the whole profession. 
They may even object to the National 
Foundation summer institutes 
because the institutes make further edu- 
cation easier for some than it was for them. 
One of the worst faults of the school sys- 
tem is that a teacher’s salary is determined 


Science 


more by how long he has taught than by 
how good he is. People in industry, for in- 
stance, would be willing to support in- 
creased salaries for good teachers but not 
across-the-board increases, for they feel 
that some teachers are not worth what 
they are getting. If a teacher of ten 


years’ experience finds that he cannot pro- 
vide for a growing family on his salary, he 
cannot move to another school system 
with a higher salary scale since only six 
years of his teaching would be recognized 
in setting his salary. He has two choices: 
become an administrator or change his 
profession. Appointment to administrative 
positions should not be the only way to re- 
ward outstanding teachers, for adminis- 
tration requires special training and abil- 
ity, and there is too much risk of losing 
good teachers and getting poor adminis- 
trators. Many excellent mathematicians 
would be completely helpless as chairmen 
of departments. And many a research man 
has been spoiled by being made a dean. 

The arguments against a merit system 
are well known. One is that administrators 
are not to be trusted. Are school adminis- 
trators of a different breed from those in 
colleges or industry? Faced with the neces- 
sity of making a choice, they would un- 
doubtedly consult the chairmen of depart- 
ments as they do in colleges. The chairmen 
would probably object, but assisting in 
such decisions should be one of their 
duties. There is the difficulty of selecting 
the best teachers, and fine gradations 
could not be made, but any superintendent 
or any principal knows who his outstand- 
ing teachers are, and most of the fellow 
teachers would agree. Surely teachers are 
unselfish enough to approve of special 
recognition of merit among their col- 
leagues, and the disappointment of a few 
who consider themselves not properly rec- 
ognized under a merit system must be bal- 
anced against the present feeling of a good 
teacher who sees a lazy colleague getting 
more salary just because he has been there 
longer. 

By and large, special recognition of a de- 
serving few should raise the morale of all, 
improve instruction, and add to the dig- 
nity of the teaching profession. There 
could be special ‘chairs’’ or titles for out- 
standing teachers. (In at least one private 
school there is such an arrangement.) It is 
not to be claimed that the system in col- 
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leges and universities in this respect is per- 
fect, but an ambitious and capable college 
teacher can, especially in these times, 
better his position by moving elsewhere, 
and usually in collegiate institutions pro- 
motion is rapid for the capable. 

In one locality a plan has recently been 
proposed which is in the nature of a com- 
promise between the straight merit system 
and the automatic-increase system. Under 
this plan, a teacher who wishes to do more 
than the minimum during the school year 
applies to the school board or is ap- 
proached by them. He may chair a com- 
mittee, work on materials for changes in 
curricula, organize and sponsor a science 
club. The teacher would be paid for such 
extra work. Similarly, in the summer a 
teacher would receive extra salary for im- 
proving his knowledge of subject matter, 
attending an institute or conference, work- 
ing on curriculum changes, conducting sur- 
veys, etc. If we are to attract ambitious 
young men to secondary-school teaching, it 
is imperative that we give monetary recogni- 
tion to merit. 

Third, looking from the outside on the 
interplay between administrators and 
teachers in the public school system, one 
may see some things that are disturbing 
and others which are most exciting. Some 
administrators are quick to jump on the 
bandwagon of a popular idea—it gives 
them something to write and talk about. 
This in itself is not bad, but oftentimes 
the administrators display their ignorance 
of what is already going on and show more 
interest in having something on the books 
than in taking time and effort to do it well. 
An administrator is merely succumbing to 
hysteria when he decrees that calculus 
shall be taught in his school without first 
ascertaining whether he has students pre- 
pared to take it or teachers to teach it. 

On the other hand, teachers need at 
times to be poked out of their ruts. (This 
is true in colleges just as much as in high 
schools.) Often: the teachers, having no 
program of their own to suggest, resist, as 
only they can, the efforts of their superiors. 


But more often teachers take the initia- 
tive, or jump at the opportunity that the 
sudden interest of their administrators 
presents. One of the virtues of our educa- 
tional system is the relative autonomy of 
the schools in each locality. Changes can 
be wrought by teachers and administra- 
tors working together in school systems 
here and there without being made on a 
national scale and thereafter fixed forever. 
This flexibility of our school system is its 
greatest strength, and it is worth the price 
we pay in lack of uniformity. One cannot 
in a country of this size have both. 

Finally, there is the present ferment in 
curriculum changes and course materials 
in science and mathematics. Though there 
may be degenerative tendencies evident, 
certainly the reactions are vigorous and 
varied, and it is very wholesome that they 
are. This freedom of reaction is certainly 
one outstanding characteristic of the 
“democratic process.’”’ Though important 
developments are occurring in biology, 
physics, and chemistry, this article will be 
largely confined to the subject of mathe- 
matics. 

Here consider the various reactions to 
these new proposals. First, there are those 
who are downright hostile to any change. 
Their reasons are somewhat vague, even 
to themselves. Some are of the “practical” 
school—mathematics for a_ high-school 
student is to enable him to figure income 
tax, how much he is really paying in inter- 
est to a finance company, or how he can 
measure the height of a tree without climb- 
ing it. And there are those who feel that 
the only good system is the continental 
system of rigorous training for the few, 
following a pattern laid down one hundred 
years ago, and that any variations from it 
constitute a watering-down process. Even 
though they realize that mathematics is 
growing at a surprising rate and that the 
relative importance of different parts of 
the subject is changing, they seem to feel 
that there should be no change in what is 
taught except that it should be taught 
more thoroughly. 
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Second, there are those who feel that 
subjects which have been traditionally 
taught in college or graduate school are too 
difficult for the youthful mind. Of course, 
they are right if the subjects are dealt with 


as they would be in graduate school. But 
certain ideas of sets, for example, are much 
simpler than the concept of number to 
those unacquainted with both. Before a 
child can count, he can distinguish a set of 
black blocks from a set of white blocks, 
tell to which set a given block belongs, and 
determine whether there are more blocks 
in one set than in the other. We have what 
might be called the relativity principle of 
teaching: what a teacher finds simple he 
thinks his students should also find simple, 
and what a teacher finds difficult he thinks 
his students should also find difficult. But 
if the teacher were to try to teach a subject 
new to him, suddenly he would find his 
students becoming brighter. He might 
even have trouble keeping up with them, 
for they would have two big advantages: 
the flexibility of young minds and fewer 
preconceived notions. It is these two fac- 
tors which lie behind the fact that a scien- 
tist’s greatest discoveries are made while 
he is young. 

We continually underestimate the abil- 
ity of youngsters to form abstractions. 
There is much shaking of heads at the 
well-publicized experiment in the teaching 
of mathematics at the University of IIli- 
nois. It is the author’s opinion that the 
experimenters have been the victims of 
bad publicity that emphasizes the spec- 
tacular and strange and omits the solid 
work that is being done. (Recommended 
is their own description of their work in 
The School Review.*) Certainly it is a thrill- 
ing experiment, made in bold recognition 
of the obvious fact that as mathematics 
grows, we shall learn a smaller and smaller 
proportion of the subject unless some 
means can be devised to arrive more 
quickly at important things. To retrace the 


2 The School Review, LXV (Winter, 1957). 


paths our forefathers trod is not appropri- 
ate to a space age. 

Last there are those who are afraid. 
They say: “Here are these new things 
which I do not understand—not even the 
language carries meaning to me. Am I sud- 
denly to become incompetent after all 
these years of teaching?” Here reassurance 
is in order. Actually the changes proposed 
in mathematics are of three kinds, and in 
the author’s opinion they are listed as 
follows in decreasing order of importance: 
(1) Fresh points of view toward traditional 
materials. (2) Changes of emphasis in the 
traditional curriculum. For instance, there 
should be less stress on the computational 
aspects of logarithms and more on the idea 
of a logarithm as a function which replaces 
multiplication with addition; inequalities 
and their graphs are of increasing impor- 
tance. (3) Subjects new to the second- 
ary-school curriculum, such as probability 
and statistical inference. In the first place, 
no one in his right senses would advocate 
that such changes should be introduced 
before a teacher is qualified to teach them. 
The programs for change in secondary 
schools and colleges are looking far ahead 
and can come only gradually as teachers 
learn the new points of view and by process 
of experiment find which ones work and 
which ones do not. 

Curriculum reforms have been advo- 
cated before. But this movement is dif- 
ferent for a number of reasons. First of all, 
those advocating changes are not content 
to issue fiats from above: college people 
and secondary-school teachers are sitting 
down together to draw up specific experi- 
mental materials for use in the secondary 
schools. Well known is the physics group 
at M.I.T. A similar group in mathematics 
began at Yale University this past sum- 
mer. Second, the point of view is not, 
“This is it,’ but rather, ‘Something like 
this might be it—try it out and see how it 
works.”’ Various summer institutes sup- 
ported by industry and the massive pro- 
gram of the National Science Foundation 
of summer and academic-year institutes 
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all have the same object: to encourage 
teachers to renew their study of subject 
matter from a fresh point of view and, 
incidentally, to inspire the colleges to de- 
velop courses appropriate for teachers 
and, in general, to reform their own cur- 
ricula. 

Evidence is that these institutes will 
work hand in glove with informal and 
formal writing groups in trying out these 
new points of view and new materials. The 
Commission on Mathematics of the Col- 
lege Entrance Examination Board, as you 
probably know, is not advocating sudden 
changes. The Commission was formed 
because it was felt that the College En- 
trance Examinations were, by their un- 
changeableness, exerting a stultifying in- 
fluence on the mathematics curriculum, 
and that they should instead encourage 
new points of view. The Commission has 
consulted groups of persons all over the 
country so that its recommendations may 
be revised in the light of these discussions. 
The Commission fully realizes that what 
it proposes must be tested in the crucible 
of experience and that there is no one an- 
swer to the question of what should be 
taught. The group which began its work at 
Yale (the School Mathematics Study 
Group) has a similar point of view toward 
the materials which it is developing. 

Of course, some experiments go off half- 


cocked under stress of a crash program. 
But this cultivation of the grass roots is 
one of the most thrilling events of modern 
times. And it is being done with gentleness 
—no one is forced. Beyond prescribing the 
size of stipends and relative size of oper- 
ating expense, the National Science Foun- 
dation does not interfere in the detailed 
operation of its institutes. The object of 
the Foundation is to assist institutions to 
develop their own programs, but it does 
not dictate what those programs shall be, 
except that they shall be primarily con- 
cerned with content. 

Perhaps we have stressed too much the 
hopeful signs of these times. But these 
remarks have been based on the belief that 
the pull of Heaven is stronger than the fear 
of Hell. It is certain that most of the 
scientists from colleges, universities, and 
industry who are now working so hard will 
in time become tired and return to their 
primary interests. Any lasting effect of this 
ferment depends on what happens when 
“the tumult and the shouting die’ and 
“the Captains and the Kings depart.’”’ The 
fate of this attempt at regeneration is in 
the hands of the teachers in elementary 
and secondary schools. It is the teachers 
who will answer the question: Is this to be 
a sawdust trail forgotten in the slumbers 
of the morning after, or a mighty surge 
of many minds that sets the world on fire? 


The surge of publicity about Soviet schools 
has produced more false impressions and foolish 
conclusions than almost any other element in 
current discussions of education.—James B. Co- 
nant, The American High School Today. 
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The theory of braids* 


EMIL ARTIN, Princeton University, Princeton, New Jersey. 
Professor Artin’s famous lecture is reprinted because 

the Editor feels secondary teachers will be interested 

in a paper which is easily understood 


and uses some very important mathematical concepts. 


THE THEORY OF braids shows the interplay 
of two disciplines of pure mathematics— 
topology, used in the definition of braids, 
and the theory of groups, used in their 
treatment. 

The fundamentals of the theory can be 
understood without too much technical 
knowledge. It originated from a much 
older problem in pure mathematics—the 
classification of knots. Much progress has 
been achieved in this field; but all the prog- 
ress seems only to emphasize the extreme 
difficulty of the problem. Today we are 
still very far from a complete solution. In 
view of this fact it is advisable to study 
objects that are in some fashion similar to 
knots, yet simple enough so as to make a 
complete classification possible. Braids are 
such objects. 

In order to develop the theory of braids 
we first explain what we call a weaving pat- 
tern of order n (n being an ordinary inte- 
gral number which is taken to be 5 in 
Fig. 1). 

Let L, and IL, be two parallel straight 
lines in space with given orientation in the 
same sense (indicated by arrows). If P is 
a point on L,, Q a point on Le, we shall 
sometimes join P and Q by a curve c. In 
our drawings we can only indicate the pro- 
jection of c onto the plane containing L, 


* Reprinted with the permission of The American 
Scientist and the author. This paper appeared in The 
American Scientist, Volume 38, No. 1, January, 1950, 
pages 112 to 119. 


and Jz, since c itself may be a winding 
curve in space. 

The curves c that we shall use will be re- 
stricted in their nature by the following 
condition. If R is a point on the projection 
of c that moves from P to Q, then its dis- 
tance from the line J, shall always in- 
crease. (Therefore a curve moving down 
a little, then up, and finally down again 
would be ruled out.) In order to have at 
our disposal a short name for such curves, 
let us call them normal curves. We orient 
them (by arrows) in the sense from P 
to Q. 

Select n points on L;. Moving along LZ, 
in the direction indicated by the arrow we 
shall call the first of the given n points P,, 
the next P:, and the last P,. In the same 
way denote by Q:, Qo, . . ., Qn, points on 
the line Le. Now we connect each point P; 
with one of the points Q; by a normal 
curve c; (c; begins at P; and ends at some 
Q;, which may or may not be Q,). We only 
observe the following condition: no two of 
the curves c; intersect in space. Conse- 
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quently no two of the curves c; end at the 
same point Q,. 

If we want to indicate this in a drawing, 
we have to overcome the difficulty that, 
although the curves do not meet in space, 
their projections may cross over each 
other. To indicate that at a certain cross- 
ing the curve c; is below another one, we 
interrupt its projection slightly (this is the 
well-known way to indicate such occur- 
rences in technical drawings). 

The whole system of straight lines and 
curves shall be called a weaving pattern. 

In order to explain the notion of a braid 
we start with a given weaving pattern and 
think of the lines LZ; and L, as being made 
of rigid material, whereas the curves c; are 
considered as arbitrarily stretchable, con- 
tractible, and flexible. The points P; and 
@Q; may also move on their lines provided 
their ordering is always preserved. 

We subject the whole weaving pattern 
to an arbitrary deformation in space re- 
stricted by the following conditions: 


1. L, and Ly, stay parallel during the de- 
formation (but otherwise they can be 
moved freely in space; their distance 
may change). 

2. No two of the curves c; intersect each 
other during the deformation (this 
means that the material is “impene- 
trable’’). 

3. The curves stay normal during the de- 
formation (but otherwise they may be 
stretched or contracted as the situation 
demands). 


After such a deformation we obtain a 
weaving pattern that may look quite dif- 
ferent from the one we started with. A 
quite tame-looking pattern may indeed 
(after the deformation) become hopelessly 
entangled. 

By a braid we mean a weaving pattern 
together with the permission to deform it 
according to the previous rules. If we pre- 
sent a weaving pattern, it describes a 
braid. But infinitely many patterns will 
describe the same braid, namely, all 
those that can be obtained from the given 





oo 
X 


A 


one by a deformation. The order n of the 
pattern shall be called the order of the braid. 

We now have the following fundamen- 
tal problem. Given two weaving patterns, 
is it possible to decide whether or not they 
describe the same braid? In other words, 
is it possible to decide whether or not a 
pattern can be deformed into a given 
other one? 

Up to now we have considered braids of 
all orders n. From now on we assume n 
to be an arbitrary but fixed integer and 
restrict ourselves, without saying it ex- 
plicitly, to braids of that order n. 

Let now A and B be two braids. We 
first explain what we mean by the product 
AB of A and B. We select definite patterns 
for A and B. Call Ly, Ie, Pi, Qi, cx the lines, 
points, and curves respectively of A, and 
L’;, L's, P’;, Q’:, e's those of B. 

We deform B until the plane through 
L’; and L’, coincides with the plane 
through LZ, and Ix, and until the line L, 
coincides (including orientation) with the 
line L’;, being careful to have L, and L’; on 
different sides of 2. Finally we deform B 
until the points Q; coincide with the points 
P’;. This being achieved, we erase the line 
In, obtaining a new composed weaving 
pattern which shall stand as pattern for 
the braid AB. 

Intuitively speaking, this means: AB is 
obtained by tying the beginning of B to 
the end of A. Figure 2 explains the process. 
The reason for calling the result of this 





Figure 2 
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process a product lies in the fact that the 
process has some similarity to the ordi- 
nary multiplication of numbers. We first 


show: 
(AB)C=A(BC), 


the so-called associative law of multipli- 
cation. 

What does (AB)C mean? It 
form first AB and compose this with C. So 
tie B to A and to the result tie C. What, 
on the other hand, does A(BC) mean? It 
asks us first to form BC, that is to tie C to 
B. The result shall be tied to A. Obviously 
we obtain the same pattern as (AB)C. 

But this similarity does not go too far. 
For instance, the law AB=BA< is false in 
general. Very simple examples already 
show this. It may hold only accidentally 
for very special braids. In computations 
one must, therefore, be careful about the 


means: 


order of terms in a product. 

Let us denote by I the braid indicated 
in Figure 3. In its pattern the curves c¢; 
are simply straight lines joining P; and Q,; 
without crossings. If we tie J to any braid 
A, it is almost immediately seen that the 
resulting braid AJ can be changed back to 
A; indeed the line L is simply replaced by 
a somewhat lower line. Therefore AJ =A 
for any braid A; similarly we see JA=A 
for any A. 

Our braid J has therefore a strong re- 
semblance to the number 1 (since l1-a=a-1 
for any number a). This explains the 
choice of the name J (roman one). 

What does the equation A =7 mean? If 
A is originally given by some complicated 
pattern, then A=J means that by some 
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deformation this pattern can be changed 
into the pattern of Figure 3. We may say 
intuitively: A=JZ means that A can be 
combed. 

Figure 4 shows the braid A of Figure 1, 
and tied to it its exact reflexion on the 
line Le which we call A-'. The reader can 
convince himself that the combined braid 
AA! can be disentangled if he starts re- 
moving crossings from the middle out- 
ward. In the same way he can see that 
A-'A can be combed. 

There exists therefore to any braid A 
another braid A! (its reflexion) such that 


AA“=A“1A =I. 


The symbol A~' is chosen because of an 
analogy with elementary algebra where 
a~' stands for the number 1/a so that 
aa~'=a~!a=1 for any non-zero number a. 

Reviewing we may say: the braids form 
a system of objects in which a multiplica- 
tion is defined. Three properties hold for 
this multiplication: 

(1) The associative law (AB)C = A(BC) 
is satisfied. 

(2) There is a braid called J such that 
AI=IA=A holds for any braid A. 

(3) To any braid A another braid A~! 
can be found such that AA~!'=A'A =I. 

If in these three statements we were to 
replace the word “braid” by the phrase 
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Figure 5 
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“object of the system,” we should obtain 
the exact definition of what in higher alge- 
bra one calls a “group.”’ A group is simply 
a system of arbitrary objects, together 
with some kind of multiplication such 
that our three properties hold. We may 
say therefore: the system of all braids of 


order n is a group. 

The theory of groups has been devel- 
oped extensively, and its methods may be 
applied to our problem. Let us look at the 
special braid indicated in Figure 5. Here 
the curve c; goes once over the curve 
Ci41, Whereas all other curves are straight 
lines connecting P; and Q;. We shall call 
this braid o,; and obtain in this fashion 
n—1 braids 0}, 02, - ++, On—-1 (7, does not 
exist since it would involve an n+1-st 
curve). The braid where c; goes under 
Cis1 needs no new name. It is the reflexion 
of o; and may therefore be denoted by 
o; 7. 

Consider now the pattern of any braid 
A, for example, the braid in Figure 1. In 
its projection two crossings may occur at 
exactly the same height. But it is evident 
that a slight deformation of braid A will 
produce a pattern where this does not hap- 
pen. 

We cut up our pattern into small hori- 
zontal sections, such that only one cross- 
ing occurs in each section. Our braid A is 


obtained from all these sections by tying 
them together again. Each of these sec- 
tions is obviously either a braid o; or a 
braid o;—! depending on the nature of the 
crossings. Consequently we can express A 
as the product of terms each of which is 
either a o; or a o;"'. 

The braid in Figure 1, for example, is 
given by: 


1 


loi097!o30971. 


A =o," e471 o9- 


If every element in a group can be ex- 
pressed as product of some elements o; 
and their inverses, we say that the o; are 
generators of the group. We may therefore 
state: the n—1 elements o; are generators 
of the braid group. 

We are now in a position to describe 
any weaving pattern. As an example, let 
us look at the braids in a girl’s hair. A 
close look reveals that such a braid can be 
described by: 

l 


1 1 


A =0102 *0)02 -* * 0109 *=(0102 ‘. 


where k is the number of times the ele- 
mentary weaving pattern is repeated. 

Figure 6 shows the equality o103= 0301. 
A similar figure would show o,o,=o;0; if 
jisi+2 or more. That o,02 is different from 
o20, can be seen by a simple sketch; in 
o\o2 the curve c, runs from P; to Q;, where- 
as in ogo; it runs from P, to Qy. 

But ojo 44.10;= o4410;:0141. Figure 7 shows 
it for 7=1; the reader readily deforms the 
two patterns into each other. 

The formulas: 


(1) o,;=o;0;, if j is at least 7+2 
Fj 5410 5 = O54 1077541 


have the following significance: 


Figure 7 
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Figure 8 


Suppose two braids A and B given by 
patterns. Each pattern may be used to 
express A and B, respectively, as a prod- 
uct of terms o; or o;~' 

If A=B, it must in some fashion be pos- 
sible to change from the expression A to 
the expression B. It can be shown that this 
can always be done by a repeated use of 
either formulas (1) or (2), or of simple al- 
gebraic consequences of these formulas. It 
is this fact one refers to if one says: the 
braid group has the defining relations (1) 
and (2). The proof is too long to be repro- 
duced here. 

We proceed now to our fundamental 
problem. Let us first consider a braid A in 
which the curves c; connect P; with Q; 
(the Q; with exactly the same subscript). 

Suppose we remove the curve ¢;. A cer- 
tain braid A, of order n—1 remains. Now 
we reinsert a curve d; between P; and Q; 
that is not entangled at all with the other 
strings (this means that its projection ex- 
hibits no crossings at all). This new braid 
of order n we call B. 

Denote now the braid AB~! by C. This 
braid C has a peculiar property. If the 
first string of C is removed, then the braid 
that remains from the A-part of C is Aj, 
and A,~' is the part that remains from 
B-'. (According to our construction, A 
and B differ only by their first strings.) 
Therefore removing the first string from 
C leaves A; Ay~'=]—a braid that can be 
combed. To be sure, C itself cannot neces- 
sarily be combed until the first string has 
been removed. 

Suppose now that this combing opera- 


tion with the last n—1 strings of C is per- 
formed by force in spite of the presence of 
the first string. Since the first string is 
stretchable up to any amount, it may be 
taken along during this combing opera- 
tion. At the end the first string will be en- 
tangled in a terrible fashion, but the result 
will look somewhat like Figure 8. A pat- 
tern of this type is called 1-pure. 

Now AB-'=C; AB-'B=CB; therefore 
A=CB. So A is a product of a 1-pure 
braid C and another braid B which is ob- 
tained from a braid of order n—1 by in- 
serting a first string not meeting the others 
in a projection. The second string of B can 
be treated in the same way, and so on. 

The final result is: 


A =C1C, ae Canty 


where C; is a braid of the following kind: 
all strings but the 7-th are vertical straight 
lines, and the i-th is only involved with 
strings of a higher number. Of course this 
means that for every braid A a pattern of 
this special kind can be found. 

The solution of our fundamental prob- 
lem consists in the assertion that a pattern 
of this type describes the braid uniquely, 
i.e., that in order to test whether A=B 
for two braids whose curves c; connect P; 
with Q; one has only to bring A and B into 
this form and to see whether exactly the 
same pattern results. The proof for this 
fact is very involved and cannot be in- 
cluded here. Nor shall we describe the 
translation of our geometric procedure 
into group theoretical language. 

It is clear that this procedure contains 
the solution of the full problem to decide 
whether A =B for any two braids A and 
B given by weaving patterns. First A= B 
means the same as AB-'=T7. The braid J 

ennects P; with Q;. Should AB-' not do 
this, then certainly A is not equal to B. In 
ise AB-! connects each P; with Q;, the 

‘evious method makes it possible to de- 

le whether AB-!=I or not. 

Finally let us mention an unsolved 
problem of the theory of braids. If we 
wind a braid once around an axis, close it 
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by identifying P; and Q;, and remove the 
lines LZ; and Le, we obtain what we call a 
closed braid. Again we allow all those 
deformations in the course of which the 
curves do not cross the axis, nor each 
other. 

The problem of classification of closed 
braids, at least, can be translated into a 
group theoretical problem. Let A and B 
be two open braids. The corresponding 


closed braids are equal if, and only if, an 
open braid X can be found such that 


B=XAX-—, 


A solution to this problem has not yet 
been found. Since in some ways closed 
braids resemble knots, such a solution 
could be applied to the problem of knots. 
It would also have many applications in 
pure mathematics. 





Have you read? 


Harrison, MEtvin. ‘La Puente Challenges the 
Superior Student,’’ California Journal of 
Secondary Education, February 1959, pp. 68- 
71. 


You have read a lot about the superior stu- 
dent, but it seems this article may have some- 
thing to offer. In this school the students apply 
for admission. Of the 105 who applied 75 were 
accepted. They must be in the superior group 
in three areas of study to be retained.They take 
great pride in their group, and effort must be 
made by school officials to arrange for associ- 
ation with others. In mathematics in grade ten 
they take plane geometry, in grade eleven, 
trigonometry, solid geometry and surveying, 
and in grade twelve they take analytic geometry 
and calculus. This is not a different program, 
but it covers much material in these areas. All 
students have permission to withdraw at any 
time, but so far none have. They also accept the 
A, B, C range of grades even though most of the 
students have been in the straight A class before 
entering this group. This program also helps 
assure the student success in college. You will 
want to read this for ideas——Puivip Perak, 
Indiana University, Bloomington, Indiana. 


Sayvetz, Aaron. ‘Education and Scientific 
Knowledge,” Journal of General Education, 
October 1958, pp. 192-96. 


This article presents a healthy point of view 
about science education. Although it is not 
strictly about mathematics, I think you will 
appreciate reading it. The author separates 
training and education by saying, ‘‘Man is 
educated for life and trained for a job.’’ The 
dilemma comes when one considers the place of 
education in training. Some questions might be 
raised, such as, ‘Should we train more scien- 
tists?” “Does training impede education?’’ 
“Have you thought about the purpose of educa- 
tion in science as reaching toward a goal that 
recedes as your knowledge of science increases?” 
The author says scientific knowledge is not the 
summation of separate inquiries; rather it is an 
amalgamation or transformation. It would seem 
that in this great social activity, we need to teach 
exemplifying the dynamic aspect of scientific 
inquiry. The object of education is to develop 
one’s ability to form judgment from the inside. 
Read the article and see if you can apply it to 
your mathematics classes.—Puitip Peak, [ndi- 
ana University, Bloomington, Indiana. 


And I cherish more than anything else the 
Analogies, my most trustworthy masters. They 
know all the secrets of Nature, and they ought 


to be least neglected in Geometry. 


Kepler 
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Current school mathematics curricula 


in the Soviet Union and other 


e ~ 1 
Communist countries 


IZAAK WIRSZUP, University of Chicago, Chicago, Illinois. 


Russians follow developments in American education with interest. 


Most certainly we should acquaint ourselves with the basic 


THE Soviet UNION 


IN THE Soviet Unton, the school for the 
full elementary and secondary general ed- 
ucation® hitherto included ten grades,* and 
is called a “ten-year school” (or “complete 
middle school’’). A school which has only 
the first four grades is called an “ele- 
mentary school’; one having the first 
seven called a “seven-year 
school” (or “incomplete middle school’). 
Since 1943, children must be seven years 
old before they may enter the first grade. 
At present, the seven-year school is com- 
pulsory throughout the Soviet Union, and 
ten-year schooling has been made com- 


grades is 


pulsory in all urban areas in the last few 
years. In 1956, the Twentieth Congress of 
the Communist Party decided that com- 


pulsory ten-year schooling should be 


1 This paper is part of a Survey of Recent East 
European Literature in Intermediate Mathematics. 
The Survey is being conducted by the College Mathe- 
matics Staff of the University of Chicago and is 
sponsored by the National Science Foundation. 

? Professional and semiprofessional schools lie 
outside of the scope of this paper. 

* Except in the three Baltic republics and the 
Georgian republic. Here an additional year of prepa- 
ration extends the usual scheme to an eleven-year 
system. 
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Russian curricular pattern. 


achieved essentially throughout the en- 
tire Union by 1960. 

N. 8S. Khrushchev’s proposals, ‘‘On the 
strengthening of ties between school and 
life and the further development of the 
public education system,’’ which were 
adopted at the end of December 1958 as 
the law of the land by the Supreme Soviet, 
have introduced most radical changes in 
the whole educational system and have 
now established compulsory eight-year 
schooling. 

The academic year of the general-edu- 
cation schools consisted of 33. six-day 
weeks. In the first three grades there were 
24 class hours per week; in the last six 
grades the average was 34 class hours per 
week (32-36), each class meeting lasting 
45 minutes. 

There are both academic and practical 
emphases in the general-education schools. 
For the brighter students, these schools 
are the paths to the institutions of higher 
learning; for other students, the schools 
are preparation for practical life. Russian 
leadership is acutely aware that the level 
of professional manpower—from the com- 
mon worker to the highly skilled specialist 

is directly dependent upon the quality 
of the education received. Thus the educa- 
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tional system is designed to serve the 
State’s aims, to raise the country to a 
higher cultural level, and to promote the 
State’s economic and technological prog- 
ress, its military strength, and its political 
influence. 

As might be expected from this orienta- 
tion, the greatest emphasis in the school 
curriculum is placed upon the sciences. 
Mathematics, in particular, has been ele- 
vated to a position of supreme impor- 
tance. Without exception, all students 
have fixed requirements in mathematics. 
In the regular ten-year school 20.5 per 
cent of school time (1980 class hours) is de- 
voted to this subject. In each grade of the 
general-education schools, one class hour 
per day is assigned to mathematics. 


Months in advance of each academic 
year the Ministry of Education of the 
RSFSR (Russian Soviet Federated Social- 
ist Republic) publishes a syllabus for the 
curriculum of the elementary school, and 
separate syllabi for each subject in the 
curricula of grades V—X. Shortly there- 
after the corresponding ministries of the 
other Soviet republics do the same. 

The mathematics syllabus includes an 
enumeration of the topics to be taught in 
each grade and a description of their con- 
tent specifying the number of hours to be 
spent on classwork and homework. About 
half of this syllabus consists of explanatory 


Arithmetic (with elements of visual 
geometry) 

Systematic course of arithmetic 

Algebra 

Geometry* 

Trigonometry 


Total School Mathematics 


Grades 


notes setting out the aims and character of 
secondary mathematics in general and of 
ach topic in particular. General and 
special methods of dealing with the ma- 
terial are also indicated, great empha- 
sis being laid on the connection be- 
tween mathematics and practical prob- 
lems. These syllabi are effectively govern- 
mental decrees; their requirements must 
be satisfied within the prescribed time. 

The mathematics program which every 
student in the ten-year school had to com- 
plete is shown at the bottom of the page. 

This scheme is illustrated in the follow- 
ing diagram: 


vil vill 1x 
% Xe a he 
ay’ % YO Ni 
\) ALGEBRA \\ 
. + 


ARITHMETIC ___ 


(/ GEOMETRY 


YS piane)’// 4, (Solid) Z 


The 1957-58 syllabus for elementary 
schools of the RSFSR allotted six class 
hours per week to the study of arithmetic 
and elements of visual geometry in each 
of grades I-IV. This amounts to 198 class 
hours per year, or 792 class hours over 
four years, and represents 24.5 per cent of 
the total 3234 class hours spent in the 
first four years. 


Total number 
of hours for 
homework 


Total number 
of class hours 


792 

264 11] 
146 218 
346 164 
132 63 


1980 556 


‘Plane geometry in grades VI-IX with a total number of 236 class hours and 111 hours for homework; 
solid geometry in grades IX-X with a total number of 110 class hours and 53 hours for homework. 
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MATHEMATICS SYLLABUS 
FOR THE ELEMENTARY SCHOOLS 
GRADE I (AGE 7-8) 

Counting up to 10; familiarity with 
numbers 1 through 10. Addition and sub- 
traction within the limits of 10. (66 class 
hours) 

Reading and writing numbers up to 20. 
Addition table. Increasing and decreasing 
a number by a few units. Multiplication 
within the limits of 20. Dividing numbers 
up to 20 into equal parts. (100 hours) 

Reading and writing numbers up to 100. 
Addition and subtraction of tens within 
the limits of 100. Multiplication and di- 
vision of tens by a one-digit number with- 
in the limits of 100. (22 hours) 

Measures and exercises in measurement. 
Meter, centimeter. Kilogram. Liter. Week, 
number of days in a week. 

Familiarity with square, rectangle, tri- 
angle, and circle (recognition and discrim- 
ination). 

Problems. Solving problems involving 
one operation: to find a sum, a differ- 
ence, to increase and decrease a number by 
a few units, to find a product (when a 
summand number is repeated several 
times), to divide a number into equal 
parts. Solving problems involving two 
operations. 

Review of the material covered. (10 


hours 


GRADE II (AGE 8+9) 

Review of the material of grade I. (12 
hours) 

Addition and subtraction within 100. 
Comparison of numbers by subtraction. 
(40 hours) 

Multiplication and division within 100: 
familiarity with division of measurement 
type; multiplication table and division 
with the aid of a table. (72 hours) 


Increasing a number “so many” times; 


decreasing a number “so many” times; 


finding a fraction of a number; compari- 
shkoly na _ 1957-58 


Programmy nachalnoi 


uchebnyi god, 1957. 


son of numbers by division. (15 hours) 

Multiplication and division within 100 
without the aid of tables. (25 hours) 

Reading and writing numbers up to 
1000. The four arithmetic operations on 
whole hundreds within 1000, with the use 
of oral methods of cémputation. (16 hours) 

Measures and exercises in measurement. 
Measures of length: kilometer, meter, cen- 
timeter. Measures of weight: kilogram, 
gram. Measures of time: year, month, 
day, hour, minute. (6 hours) 

Straight line. Straight line segment and 
its measurement. 

Problems. Solving simple problems: on 
comparison of numbers by subtraction; 
division of measurement type; on increas- 
ing and decreasing a number some number 
of times; on finding a fraction of a number; 
on comparison of numbers by division. 

Solving composite problems involving 
two or three operations. 

Review of the material covered. (12 


hours) 


GRADE III (ace 9-10) 

Review of the material of grade I]. (12 
hours) 

The four operations on whole tens and 
hundreds within the limits of 1000 with 
the use of oral methods of computation. 

Written computations within 1000: ad- 
dition and subtraction of three-digit num- 
bers; multiplication of two- and three- 
digit numbers by one-digit numbers; 
table division within 100 with remain- 
ders: division of a three-digit number by 
a one-digit number. (44 hours) 

Reading and writing numbers up to one 
million. Addition and subtraction; multi- 
plication and division of many-digit num- 
bers by one-, two-, or three-digit numbers. 

Addition and subtraction on the abacus. 

Identifying the components of arithme- 
tic operations. Checking the results of op- 
erations. Order of performing arithmetic 
operations and parentheses (simple cases). 
(98 hours) 

Measures and exercises in measurement. 
Table of measures of length: kilometer, 
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meter, decimeter, centimeter, millimeter. 
Table of measures of weight: ton, centner, 
kilogram, gram. Table of measures of time: 
century, year, month, day, hour, minute, 
second. (5 hours) 

Geometric material. Measurement of 
segments. Simple measurements on loca- 
tion: extending and measuring straight 
lines. Exercises in visual estimation of 
length. 

Rectangles and squares; their sides and 
angles. Drawing a right angle, a square, 
and a quadrilateral with the use of a ruler 
and protractor. (8 hours) 

Oral computations. Fluent calculations 
within 100 and by tens and hundreds 
within 1000. Using methods for rounding- 
off numbers, and the commutative prop- 
erty of addition and multiplication in oral 
computations. 

Problems. Solving simple 
problems and compound ones involving 
2-5 operations (in close connection with 
the study of arithmetic operations). 

Solving problems involving the simple 
rule of three; on proportional division; on 
finding an unknown from two differences; 
on two opposite motions. (19 hours*) 

Review of the material covered. (12 


arithmetic 


hours) 


GRADE IV (AGE 10-11) 


Review of the material of grade III. (412 


hours) 

teading and writing numbers including 
millions and Categories and 
classes. Addition and subtraction of large 
numbers; commutative property of addi- 
tion; relationship between the components 
of addition and subtraction; checking ad- 
dition and subtraction. 

Addition and subtraction on the abacus. 

Multiplication and division of large 
numbers: commutative property of multi- 
plication; relationship between the com- 
ponents of multiplication and division; 
checking multiplication and division; or- 


billions. 


6 These are the hours allotted for the solving of 
typical problems only. 


der of performing arithmetic operations 
(review). (44 hours) 

Composite denominate numbers. 
ple and composite denominate numbers. 
Breaking down and transforming denomi- 
nate numbers in the metric system of 
measures. The four arithmetic operations 
on composite denominate numbers with 
metric measures. Problems involving all 
operations on composite denominate num- 
bers. (26 hours) 

Geometric material. Introduction to area. 
Units of measurement of area. Measuring 
and computing the area of a rectangle and 
square. Table of quadratic measures. Are 
and hectare. Solving problems involving 
computations of areas. Construction on lo- 
cation of a right angle, square, and rec- 
tangle. (14 hours) 

Cubic measures. with a 
cube: faces, edges and vertices of a cube. 
Cube as unit of measurement of volume. 
Measuring and computing the volume of 


Sim- 


Familiarity 


right-angular bodies (boxes, rooms). Table 
of cubic measures. Solving problems in- 
volving computation of volume. (14 hours) 

Measures of time. Table of measures of 
time (review); breaking down and trans- 
forming measures. The four operations 
on composite denominate numbers with 
measures of time (simple cases). 

Problems involving the computation of 
time: within a day, a year, a century (the 
last in terms of whole years). (26 hours) 

Simple fractions: 4, 4, 3, 4, yy. Forma- 
tion of parts. Numerator and denominator 
of a fraction. Transformation of fractions. 
Addition and subtraction of single and 
multiple parts. Solving problems involv- 
ing the finding of several parts of a num- 
ber. (18 hours) 

Oral computations. Fluent calculations 
within 100, and within 1000 by tens and 
hundreds. Simple cases of successive mul- 
tiplications and divisions (by 2, 4, 8, etc.). 
Short multiplication by 5, 50, 25. 

Problems. Solving compound arithmetic 
problems involving 2—6 operations. Prob- 
lems on finding the arithmetic mean. 
Problems solved by ratios. Finding two 
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numbers from their sum and ratio. (15 


hours) 


Review of the material covered. (29 


hours) 
Following is a summary of the topics of 
instruction excerpted from the mathematics 


syllabus of Russian secondary schools for 
the academic year 1957-58" (the syllabus 
itself is too long for reprint here) : 


7 Programmy srednei shkoly na 1957-58 uchebnyi 


god. Matematika. 1957. 


GRADE V (AGE 11-12) 


Arithmetic (6 class hours per week, 198 class hours total 


Whole numbers 
Divisibility of numbers 


a 
2. 


3. Ordinary fractions 
Decimal fractions 
Practical exercises 


teview 


Total 


GRADE VI (AGE 1 


Class hours Homework 
20 
20 
90 
50 
6 
12 


198 


2-13) 


(6 class hours per week, 198 class hours total 


Arithmetic (4 class hours per week in the first semester) 


Percentage 
Proportions. Direct and inverse proportion 
Review 

Total 


Algebra (4 class hours per wee 


Algebraic expressions. Equations 
Positive and negative numbers 
Operations on algebraic expressions 


Total 


ality 


Homework 
10 
16 


Class hours 
20 
32 


14 


66 


»k in the second semester) 


Class hours 
16 
20 
30 


66 


Geometry (2 class hours per week) 


Fundamental concepts 
Parallelism 

3. Triangles 

4. Practical exercises 


Total 
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Class hours Homework 
14 
16 
32 
4 


7 
8 
16 





) 


GRADE VII (AGE 13-14) 
(6 class hours per week, 198 class hours total) 
Algebra (4 class hours per week) 
Class hours Homework 
Factoring polynomials 36 18 
Algebraic fractions 24 12 
Linear equations with one unknown 34 17 
Equation with two unknowns. Systems of equations 28 14 
teview 10 5 
Total 132 66 


Geometry (2 class hours per week) 
Class hours Homework 
Quadrilaterals 26 13 
Circles 34 17 


Practical exercises 
Total 


GraDE VIII (ace 14-15) 
(6 class hours per week, 198 class hours total) 
Algebra (4 class hours per week in the first semester, 3 class hours per week in the 
second semester) 

Class hours Homework 
Powers and roots 44 
Quadratic equations and equations reducible to them 42 21 
6 
9 


Functions and graphs 12 
System of second-degree equations 18 


Total 116 58 


Geometry (2 class hours per week in the first semester, 3 class hours per week in 
the second semester) 
Class hours Homework 
Relation and proportionality of segments 10 
Homothety and similarity 18 
Metric relationships in a triangle and a circle 36 
Measuring areas of polygons 14 
Practical exercises 


Total 


GRADE IX (AGE 15-16) 
6 class hours per week, 198 class hours total) 
Algebra (2 class hours per week) 
Class hours Homework 
6 3 


~ 


‘ 


Limits 
Progressions 14 
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3. Exponential and logarithmic functions. Logarithms 
1. Practical exercises in calculations with the slide rule 


Total 
Geometry (2 class hours per week) 
Class hours 
12 
10 
40 
4 


Regular polygons 
Length of circumference and area of circle 
Solid geometry 


Practical exercises 


Total 66 
Trigonometry (2 class hours per week) 
Class hours 
Trigonometric functions of an arbitrary angle 10 
Algebraic relationships between the trigonometric 
functions of the same angle 16 
Trigonometric functions of a numerical argument 16 
Addition theorem and its corollaries 


Total 


GRADE X (AGE 16-17) 
(6 class hours per week, 198 class hours total) 
Algebra (2 class hours per week) 
Class hours 
Combinations and Newton’s binomial theorem 12 
12 
22 
12 


8 


2. Complex numbers 
Inequalities 
Equations of higher degrees 


5. Review 


Total 
Geometry (2 class hours per week) 
Class hours 
28 
20 
18 


Polyhedra 
Solids of revolution 
Review and solving problems 


Total 66 


Trigonometry (2 class hours per week) 
Class hours 
18 
14 
16 
6 


Solving sealene triangles 
2. Inverse trigonometric functions 
3. Trigonometric equations 
!. Practical exercises on location 
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Homework 
6 
5 


20 


Homework 
5 


Homework 
6 
6 
1] 
6 
4 


Homework 
14 
10 
9g 


33 


Homework 
9 


8 





5. Review of trigonometry and solving problems in trigo- 
nometry and geometry with applications of trigonometry 12 


Total 


The curriculum outlined above was a re- 
sult of many changes, of which the most 
important have been introduced over the 
last four years. To fulfill the directives of 
the Twentieth Congress of the Commu- 
nist Party regarding the transition from a 
compulsory seven-year school to general 
compulsory ten-year schooling and the 
further development of polytechnical in- 
struction, Soviet educational authorities 
have reviewed the content of the courses 
and methods of instruction in the existing 
school. As mentioned before, the aims of 
Soviet general education are twofold: 
there must be sufficient preparation for 
those going on to higher institutions; there 
must also be supplied the knowledge and 
information which are indispensable for 
those going directly into professional ac- 
tivity upon graduation from the ten-year 
schools. With these goals in mind studies 
were undertaken to determine the basic 
shortcomings of mathematical education 
in Soviet secondary schools prior to 1956. 

Because the great majority of graduates 
of the secondary schools immediately en- 
ter into practical work, one conclusion 
was that mathematical teaching had put 
too much emphasis on verbal book knowl- 
edge at the expense of practical mathemat- 
ical knowledge. To correct this and other 
deficiencies, and to improve the teaching 
of mathematics in accordance with the 
new requirements of the Twentieth Con- 
gress, the Ministry of Education endeav- 
ored to change the curriculum. These 
changes were developed at the Academy 
of Pedagogical Sciences of the RSFSR 
with the active help of research mathema- 
ticians, methods specialists, and outstand- 
ing teachers. 

The revised curriculum in the general- 
education schools was to be introduced in 


66 


the following stages: 


(1) in fifth-grade arithmetic in 1954-55; 
(2) in sixth-, seventh-, and eighth-grade 
algebra and geometry in 1956-57; 
(3) in ninth-grade algebra, geometry, and 
trigonometry in 1957-58; 

(4) by 1958-59 the new program was to 
have been effected throughout all 
grades of the ten-year school. 


Some of the more difficult topics in 
courses have been transferred from earlier 
grades to the next higher grades in order 
to lessen the amount of work required of 
the student, which was considered too se- 
vere. For example, the topic ‘‘Percentage”’ 
was transferred from the fifth grade to the 
sixth, “Factoring of polynomials” from 
the sixth to the seventh grade, ‘Extrac- 
tion of the square roots of numbers’’ from 
the seventh to the eighth grade, ete. 

The revised program shortened the size 
and content of such topics as “Solution of 
oblique triangles,” ‘““Trigonometric equa- 
tions,” “Inverse trigonometric functions,” 
and others. Problems which required high- 
ly artificial methods or “‘tricks’’ for solu- 
tion, or which demanded cumbersome 
and complicated computations and trans- 
formations, were eliminated whenever 
possible, since they had little educational 
importance, required too much work on 
the part of the students, and tended to 
undermine students’ confidence in their 
own abilities. 

This program greatly emphasizes func- 
tional relations, trigonometric functions 
of a numerical argument, and the ap- 
plication of trigonometry to the solution 
of practical problems in physics, astrono- 
my, and technology. Increased significance 
has also been given to measurements, 
preparation of models, and drawing of 


Current mathematics curricula in the Soviet Union and other Communist countries 341 





the use of instru- 
tables, and draw- 


graphs and diagrams; 
ments of measurement, 
ing tools is now stressed. 

Khrushchev’s proposals for changing the 
educational system are being elaborated 
by the Academy of Pedagogical Sciences 
of the RSFSR. A plan for the curriculum 
of the projected general-education eight- 
year school (which represents the com- 
pulsory, first stage of secondary education 
in the Soviet Union) has already been 
published in ‘“‘Sovetskaya Pedagogika,”’ 
January 1959. 

The class hours assigned to mathematics 
in this plan are listed below. This will 
amount to 19.2 per cent of the total num- 
ber of class hours to be spent in the eight- 
year school. The academic year will con- 
sist of 34 weeks in grades I-III and 35 
weeks in grades IV—-VIII. 


OTHER COMMUNIST COUNTRIES 


The general-education schools in the 
other Communist countries are not exact 
replicas of the Soviet model. Neither the 
age of admission nor the length of the 
eompulsory education are everywhere the 
same. In Czechoslovakia, for example, the 
age of admission to the schools is six, and 
compulsory education runs for eight years. 
Throughout eastern Europe,* however, 
there are eleven-year schools which cor- 
respond to the Soviet ten-year school. In 

; mathematics curricu- 
lum, at least for the present, does differ 
from that in use in the Soviet Union. The 


these schools, the 


mathematics courses in the higher grades 


It 


Grade 


of the general schools in Romania,? for in- 
stance, include topics such as: elements of 
analytic geometry, differential and inte- 
gral calculus, and higher algebra. These 
topics are not part of the Soviet curricu- 
lum.!° 

tussian influence, and possibly also 
tussian direction, show themselves in the 
emphasis placed on mathematics and the 
increased amount of time devoted to its 
study. The growing importance of mathe- 
matics is demonstrated by the fact that 
now, in the eleven-year schools of Czecho- 
slovakia," 20.5 per cent of the whole school 
instruction time is devoted to mathema- 
tics, whereas prior to World War IT only 
13.5 per cent was so allocated. 

The distribution of the 
mathematics in the eleven-ye« 
Czechoslovakia during the academic year 
1955-56 is given in Table 1 on the follow- 
ing page. 

In Table 2, similar charts for the Soviet 
Poland, and Bulgaria are com- 


teaching of 
sar schools of 


Union, 
pared,” 


POLAND 


The available literature shows that 
Polish educational authorities have com- 
plete freedom to experiment in their 
mathematics programs. General-education 
schools in Poland have eleven grades, of 
which the first seven are compulsory. The 
program in mathematics—especially in the 
higher grades—differs significantly from 
the corresponding one in Russia in regard 


V : VI | VII | Viti Total 





Class hours per week " 


204 204 


at 
+ 6 
Pet 


Class hours per year | 204 


* East Germany is an exception. It has a twelve- 
year secondary school consisting of the ‘‘Grund- 
Schule”’ for grades I-VIII and the “Ober-Schule”’ for 
grades IX~XII. Beginning with the academic year 
1956-57 East Germany established a new, parallel 
secondary school called the ‘‘Mittelschule,”’ which is a 
ten-year school and is modeled after the Soviet school. 


f 210 


NE 6 5-6 5 46.5 


1609 





210 | 210 | 192 | 175 


* Sovetskaya Pedagogika (Soviet Pedagogy) 4, 
1957, pp. 93-100. 

10 However the Soviet mathematics syllabus for 
the academic year 1958—59 was to include, for the first 
time, the following topic in the tenth grade: ‘‘Func- 
tions and their investigation. Derivative.” 

1t Matematika v shkole (Mathematics in School) 
6, 1956, pp. 64-67. 

12 Soviet Union: academic year 1957-58; Poland: 
1957-58; Bulgaria: 1951-52. 
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TABLE 1 


GRADE | I | II | m1 | IV 





Number of class 
hours per week 


TABLE 2 
GRADE 





ee Class hours per week 
Soviet 
Union 


Class hours per year 198 





Total 


30 


198 990 














Class hours per week 6 
Poland nek aerenee 


| 
Taw 
Class hours per year | 192 


28 





L 


896 


128 


| 





Class hours per week 


Bulgaria™ — 
Class hours per year 


| 5 


165 





to course content as well as order and 
treatment of the topics. 

Polish schools teach arithmetic 
first six grades. Geometry is given in three 
stages. The first stage (grades III—V) of- 
fers propaedeutic information on geomet- 
ric figures and measurement. This ma- 
terial is correlated to concurrent courses 
The second and third stages 


in the 


in arithmetic. 
are concerned with 
The second stage (grades VI-VII) covers 
elementary geometry; its primary purpose 
is to give the graduate of the seven-year 
school a fairly adequate training in this 
field. The third stage (grades VIII—X1I) 
consists of a more extended treatment of 
In addition to 


synthetic geometry. 


plane and solid geometry. 
this, algebra is taught from the seventh to 
the eleventh grade and trigonometry in 
the tenth and eleventh grades. 

Following is a description of the mathe- 
matics program of the final six years of 


13 Matematika v shkole 5, 1955, pp. 60-73. 


Current mathematics curricula in the Soviet Union and other Communist countries 


| 165 





at 
4 | 
| 28 : 
x 


| 160 0 | 3 | 
| 
FF 165 


Polish school used in 


58:4 


the eleven-year 


1957 


13) 


(6 class hours per week) 


GRADE VI (AGE 12 


Arithmetic (128 class hours) 
1. Decimal numbers 
2. Ratio and proportionality 


3. Computing interest 
Geometry (64 class hours) 
1. Fundamental geometric figures 
2. Axial-symmetry 
3. Circle 
4. Congruence of triangles 
5. Parallel straight lines 


GRADE VII (AGE 13-14) 
(5 class hours per week) 
Algebra (80 class hours) 
1. Signed numbers 


14 Matematika v shkole 3, 1957, pp. 71-74. 
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2. Algebraic expressions 

3. Equations of the first degree with 
number-coefficients 

1. The concept of function 


Geometry (80 class hours) 
1. Figures in circle 
Similarity of figures 
Metric properties of figures 
Introduction to solid geometry 


GRADE VIII (ace 14-15) 
(5 class hours per week) 
Algebra (96 class hours) 
1. Fundamental algebraic transforma- 
tions 
Factoring polynomials 
Algebraic fractions 
Systems of equations of the first de- 


gree 


Geometry (Deductive course) (64 class 
hours) 

1. Fundamental geometric figures 

2. Parallel straight lines 

3. Relationships between the sides and 

the angles of a triangle 
1. Straight lines and circles 
5. Geometric loci, angles, and polygons 


in relation to a circle 


GRADE IX (aGE 15-16) 
(4 class hours per week) 
Algebra (70 class hours) 


1. Irrational numbers and _ irrational 
expressions 
2. Quadratic equations 


3. Systems of equations of the second 
degree with two unknowns 


Geometry (58 class hours) 

1. Measurement of geometric quanti- 
ties 

2. Similar figures 

3. Numerical relationships between the 
elements of geometric figures 

t. The length of the circumference and 
the area of a circle 


GRADE X (AGE 16-17) 
(4 class hours per week) 
Algebra (45 class hours) 
1. Powers with real number exponents 
2. Exponential function 
3. Logarithmic function 
4. Number sequences 


Geometry (53 class hours) 
1. Points, straight lines, and planes in 
space 
Angles in space 
Parallel projection on a plane 
Areas of surfaces and volumes of 
polyhedra 


Trigonometry (30 class hours) 
1. Trigonometric functions 
2. Right triangles 


GRADE XI (AGE 17-18) 
(4 class hours per week) 


Algebra (45 class hours) 
1. Inequalities 
2. Extension of knowledge of equations 
and inequalities 


Geometry (20 class hours) 


Solids of revolution 


Trigonometry (63 class hours) 
1. Fundamental trigonometric relation- 
ships 

2. Relationships between the elements 
of a triangle and applications 


{ED CHINA 

According to Soviet sources," a uniform 
national system of education was achieved 
throughout China in 1956. The govern- 
ment reformed school instruction and 
adopted new plans and programs. The 
original plan in 1951 called for an eleven- 
year complete elementary and secondary 
education, which included a compulsory 
five-year elementary school. For various 
reasons, the elementary school is now tem- 


6 Sovetskaya Pedagogika 2, 1957, pp. 106-116, 
Matematika v shkole 3, 1957, pp. 77-80. 
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TABLE 3 


Junior Middle School 





Mathematics in the I 
middle schools of - 


the Chinese People’s 


QP 


Semesters 





Republic 


| 
| 
- 


Number of class hours per week 


700 





Total 





Arithmetic 


Algebra 





Geometry 





Trigonometry 


porarily maintained as a six-year school. 
Students are admitted to the first grade 
at the age of seven. 

The chart below shows the number of 
class hours devoted to mathematics in the 
Chinese elementary school in 1955-56 
(arithmetic with special attention to the 
mastering of the abacus): 


GRADE I | 1 {UI{Iv!] Vv | VI 





Class hours per | 
week | 6 


This amounts to 1224 class hours, rep- 
resenting 24.3 per cent of the entire ele- 
mentary school time. 

The general-education secondary school 
in China consists of two levels. The first 
level is a three-year school called “junior 
middle school,” admitting students at the 
age of twelve. The second level is also a 
three-year school called “senior middle 
school,” admitting its students at the age 
of fifteen. A graduate of an elementary 
school is admitted to the junior middle 
school solely on the basis of a severe com- 
petitive examination. In 1954-55 there 
were five applicants for each opening. 

In the curriculum of the middle schools 
mathematics again occupies a very impor- 


| 
463 


356 











142 


tant place, amounting to 18 per cent of the 
whole instruction time. This came to a 
total of. 1213 class hours in the academic 
year 1955-56, distributed as indicated in 
Table 3. 

An additional 107 class hours were de- 
voted to technical drawing. 

The mathematics program of the Chi- 
nese middle schools is almost identical 
with that of grades V-X in the Soviet 
schools. However, on the average the Chi- 
nese devote 10 per cent more class hours 
to algebra, geometry, and trigonometry 
than do the Russians. 

It is worth adding that the Chinese 
teachers of mathematics watch Soviet 
achievements with close attention. All fun- 
damental Russian mathematical textbooks 
and several handbooks and monographs 
have been translated into Chinese. 


In the Soviet Union, education in gen- 
eral (and technical education in particu- 
lar) is one of the safest avenues to prefer- 
ment and position. The student is con- 
stantly made aware of the importance of 
mathematics for his future profession. And 
since the entire educational system is se- 
lective— only the best fitted are admitted 


to higher schools—the students are highly 
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motivated to study mathematics, for odical offers, with obvious satisfaction, 
which ample teaching time is made avail- the following quotation from the Ameri- 
able. No one ever becomes a physician, a can journal Industrial Arts and Vocational 


sociologist, a schoolteacher, or an army Education (June, 1955) :'6 


officer without going through the required If high school graduates desire to enter 
skilled trades and the technical professions, it 
will be necessary for them to pursue subjects 
; in high school which will permit them to enter 
uate from the ten-year school—each and training programs for these occupations. The 
every one of them has had, besides a full facts, however, are very discouraging. Last 
; year, according to one of our chief industrial 
; ; recruiters, only 1.4 per cent of high school stu- 
hours of instruction in algebra and geom- dents took solid geometry, only 1.6 per cent 
etry; and every student who graduates took trigonometry, 0.5 per cent took college 
qe. Nor Ties ad SRE algebra—in fact, less than 20 per cent of our 
from the projected, compulsory eight-year it, anboat lati os 

} 1igh school population pursued mathematics 
school will have had more than 500 class beyond arithmetic. Less than 7.6 per cent took 
chemistry and only 4.3 per cent selected physics. 
In other words, the demand for skilled workers, 
4 scientists, and technicians is increasing while the 
and study carefully developments in potential supply is decreasing. For many occu- 
pations, the need for a good mathematical 
foundation was never greater than it is today. 


ten years of mathematical training. Even 
the millions of children who do not grad- 


training in arithmetic, at least 330 class 


hours of algebra and geometry. 
Russian educational authorities follow 


American education. They are familiar 
with the inadequacies and shortcomings of 
the mathematics curriculum which are of 
The March-April ‘© From an article ‘Trends on the Educational 
ee , Ser e hy Horizon" by Heber A. Sotzin (p. 187), Matematika v 
1957 issue of a Soviet mathematical peri- shkole 2, 1957, p. 67. 


such concern to us. 


If the development of the human capacity 
for reflection is the essence of education and 
consequently the essential task of educational 
institutions, the mere accumulation of informa- 
tion is not education. Indoctrination in even the 
noblest ideas and ideals is not education. Nor is 
the mastering of vocational skill true educa- 
tion if all that it involves is the training of hands 
to perform a task efficiently.—Soviet Profes- 
sional Manpower, National Science Foundation, 
1955, P 106, 


The science of physics does not only give us 
(mathematicians) an opportunity to solve prob- 
lems, but helps us also to discover the means 
of solving them, and it does this in two ways: it 
leads us to anticipate the solution and suggests 
suitable lines of argument.—Henri Poincaré 
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Providing for the slow learner 


in the junior high school 


MAX A. SOBEL, Montclair State College, Montclair, New Jersey. 
While planning work for the slow learner, we must keep in mind 
some psychological facts about these pupils 


THE CONCEPTS AND IDEAS of “modern” 
mathematics are on everyone’s mind. The 
curriculum for the bright college-bound 
student is under close examination by 
many groups of leading educators and the 
development of a modern, up-to-date cur- 
riculum for this group in the near future 
seems inevitable. While this all-important 
phase of the mathematics program is be- 
ing studied, let us occasionally pause and 
reflect upon the lot of the slow learner who 
normally terminates his formal instruction 
in mathematics by the end of the junior 
high school years. What are the mathe- 
matical needs of this,group and how can 
we best provide for these needs? This arti- 
cle will attempt to pose many questions 
and suggest answers to at least some of 
these. 

It will be helpful to begin by an exami- 
nation of the psychology of junior high 
school youth in general and then relate 
this to the slow learner in particular. Next, 
a variety of procedures for handling the 
slow learner will be considered. Finally, 
with this background, the mathematics 
curriculum which should be provided for 
this type of student will be explored. 

The emphasis on the teaching of mathe- 
matics has always been on the logical sys- 
tematic development of subject matter, to 
the neglect, all too often, of the psycho- 
logical basis. In the junior high school 
where the mathematics taught is often not 
sequential in nature, the psychological 
emphasis is perhaps the more important 


if the program is to be effective. 


one to consider. What are some of these 
psychological considerations? As a start, 
consider the following list of characteris- 
tics and needs of all junior high school 
youth: 


1. In the first place, these are the years of 
rapid, uneven growth and there is a 
need for both teachers and students 
alike to understand this growth and to 
realize that it is both variable and indi- 
vidual in nature. 

. Youngsters of this age, continuing a 
drive which begins at birth, seek per- 
sonal independence from both parents 
and teachers. 


3. They seek peer acceptance and have a 


need to belong to some social group. 

. They are insecure, primarily due to the 
tremendous physical changes taking 
place at this age, and crave security and 
success. 

5. They want recognition, approval, sta- 
tus. 

}. Their interests change rapidly; they 
crave new experiences while at the same 
time longing for the security of the old. 


These characteristics are familiar to any 
person who has taught in the junior high 
school. Now let us see how these items 
may be used as a psychological basis for 
the mathematics curriculum, with particu- 
lar application to the slow learner. 

First of all, it is important to build on 
earlier related learnings so as to lead to a 
sense of security. A careful gradation of 
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difficulty is important. Too radical an in- 
crease leads to trial-and-error behavior in 
order to find some scheme to succeed and 
thus gain security. 

Whereas all students crave security and 
have a need to succeed, the slow learner is 


especially vulnerable in this respect. 


Years of consistent failure in the early 
grades make him prey for any sort of 
meaningless trial-and-error scheme just to 
get an answer and satisfy the demands of 


the teacher. 

It is important that we make an effort 
to motivate the student. At ages thirteen 
to fifteen there is resistance to learning un- 
less the subject matter is of interest to the 
student and meaningful to him; again, the 
slow learner can become especially resis- 
tant unless his interest, dulled by years of 
failure, is aroused. Specific ways of arous- 
ing this interest will be considered later. It 
can be said, however, that we cannot in- 
terest these youth by deluging them with 
huge quantities of social applications with 
the excuse that these are of practical val- 
ue. Some may be; most are not. We need 
to present honest-to-goodness mathema- 
tics to them in an organized and systema- 
tic structure, but in a manner which will 
evoke their interest and natural curiosity. 

Junior high school youth in general, and 
slow learners in particular, are eager to 
grasp and adopt patterns of work provid- 
ing them with security and independence. 
They thus are prone to learn tricks and 
meaningless manipulations in order to 
achieve success. Students given numerous 
problems to solve by rote tend to repeat 
these methods in tasks that can be solved 
by more direct means. This rigidity of 
thinking, following of patterns, does not 
place a stress on thinking or on basic 
concepts; rather it places a premium on 
obtaining answers. 

To summarize briefly: the slow learner 
in the junior high school has the same 
characteristics as other pupils of the same 
age; the same basic needs and interests. 
However, more than the average child, he 
needs to be given the chance to experi- 


ence success and approval; more than the 
others he needs to feel that he is a mem- 
ber of the group with a contribution to 
make; he needs status; his confidence must 
be re-established, his interest stimulated, 
his attitude towards mathematics made 
favorable, his ego flattered. 

At the junior high school level of in- 
struction we receive students who have 
endured six years of study of arithmetic. It 
is fair to assume that they have been in 
contact with the fundamental operations 
of addition, subtraction, multiplication, 
and division of whole numbers, fractions, 
and decimals; they should have some 
understanding of our number system; 
they should be able to analyze and solve 
simple problems; and they should have a 
knowledge of certain basic geometric 
forms. 

We find, however, that many students 
come to us in the seventh grade with de- 
ficiencies that place them as far down as 
the second- or third-grade level of ability 
in arithmetic. With the modern concept of 
universal social promotion, these students 
reach junior high school and are not at all 
equipped to do the conventional work of 
these grades. 

Let us take a moment to look at some 
administrative procedures for handling 
them. To begin with, ability grouping, 
once considered to be quite undemocratic, 
is now increasing rapidly throughout the 
country. This appears to be one of the 
easiest means of handling the problem. 
Where this is not a feasible solution it 
may be possible to try grouping within a 
classroom, but this is much easier said 
than done. 

Remedial mathematics classes can pro- 
duce astonishing results, but they are ef- 
fective only if the number in each group is 
limited to a maximum of fifteen, prefer- 
ably twelve, so that each child may be 
taught on an individual basis. Very often 
we find that a slow learner shows a great 
deal of improvement when time is taken to 
teach him basic concepts and the rationale 
of the fundamental computations that he 
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had heretofore considered only a series of 
tricks. Special mathematics clinics, simi- 
lar to the reading clinics found in many 
schools, are also of value. 

Incidentally, mere segregation of the 
slow learner does not imply that better 
learning will take place; rather it demands 
that the entire curriculum must _ be 
changed so as to allow the individual the 
opportunity to make the most of his capa- 
bilities. 

It is appropriate now to set forth a num- 
ber of specific suggestions which are im- 
portant in guiding the learning activities 
of the slow student. Most of the items 
listed below apply to all youth; but where- 
as they are helpful to all youth, they are 
an absolute necessity for the slow learner. 


Because of a very short attention 
span, the activities of the slow learner 
must be varied. Too often the new, 
inexperienced teacher neglects this 
item and frequently meets with disas- 
trous results. Projects, laboratory 
work, board work, supervised study, 
recitation, and so on must be mixed 
in liberal dosages. 

Concrete presentations must be em- 
phasized. Laboratory techniques and 
manipulative materials are essential. 
The use of aids, models, films, and 
filmstrips can play an important part 
in the education of these youth. 

An emphasis on practical applications 
is important. This does not imply that 
this is the only procedure for gaining 
the interest of, or for motivating, this 
group, but it is one possible means of 
so doing. 

These students must be allowed to 
compete with themselves and their 
achievement should be measured in 
terms of individual growth. It makes 
no sense, and it frustrates both teacher 
and child alike, to try and evaluate 
students with many years of deficien- 
cies in terms of a preconceived stand- 
ard of what should be accomplished in 
grades seven, eight, or nine. 


5. Topics must be taken up in spirals; 
not taught once and then forgotten. 

6. Where possible, subject matter should 
be correlated with work in other 
classes. This helps develop a feeling of 
security on the part of the student. 
Thus when the science teacher is 
studying the solar system, for exam- 
ple, we in the mathematics classroom 
can make scale drawings of the plan- 
ets, graph the distances to the planets, 
and solve problems using data dis- 
cussed in the science classroom. 
Drill is essential, but it must be 
meaningful and not rote. It must be 
varied so that improper mental sets 
are not established. The slow learner, 
more so than others, must understand 
what he is doing. 
Verbal materials in the text must be 
developed orally. We can not assume 
comprehension of reading; the slow 
learner is, more often than not, re- 
tarded in this area as well. 
Frequent reviews are necessary. 
In his need of security, the slow learn- 
er appreciates and does best in a situa- 
tion where classroom management is 
routine. 
Successful student materials should be 
exhibited to provide a feeling of suc- 
cess. 
The final item concerns the procedure 
used to start the school year, whether 
it be in grade seven, eight, or nine. 
There is little doubt but that most 
slow learners in the junior high school 
are in dire need of a meaningful re- 
teaching of arithmetic. As a matter of 
fact, this should probably be the fun- 
damental work of these grades. On 
the other hand, experience indicates 
that beginning the seventh grade 
work with this much-needed review of 
arithmetic tends to be dull, deaden- 
ing, and destructive of any interest 
that might otherwise be aroused. 


This is not to imply that we should 
teach anything less than mathematics, 
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but merely that there are other aspects of 
the curriculum with which to begin a new 
course that are more appealing than the 
traditional review of arithmetic, no mat- 
ter how great the need. A sample of several 
of these appealing topics would include 
such items as the use of other number 
bases, systems of numeration, ancient 
methods of computation, experimental 
probability, and elementary surveying. 
Please do not misunderstand; we should 
not flood the curriculum of the slow learn- 
er with unusual or recreational material to 
entertain him. Rather we must make use 
of these “side roads” of mathematics to 
arouse his dulled interest and motivate 
him to a further study of mathematics. 
Finally, let us examine the content of 
the curriculum for the slow learner in the 
junior high school. In the area of arithme- 
tic we must accept the students as they 
come to us and permit them as much 
growth as possible. We can best accom- 
plish this by a thorough and meaningful re- 
teaching of arithmetic. Just routine drill 


on the same processes which caused these 
youngsters difficulty for six long years will 


not do. However, because of the added 
maturity of the seventh grader, many of 
the fundamental processes which caused 
him difficulty in earlier years now prove 
to be within his grasp, if they are proper- 
ly retaught. 

The stage must be set for this reteaching 
by motivating or interesting the student in 
the subject of mathematics; by rekindling 
the early love of mathematics that all 
children naturally seem to have before it is 
destroyed somewhere along the line. 

Social applications are important, but 
we must not work these to death. The av- 
erage seventh grader, let alone the slow 
learner, has very little interest in a study 
of stocks and bonds, budgets, or taxation. 
This is not to say that there is no place in 
the curriculum for social applications. The 
use of baseball statistics in relation to 
work on per cent may capture his imagi- 
nation. Life insurance may be too remote 
a topic for his interest, but the formation 


of a book insurance company within the 
classroom to insure against lost books not 
only may be of practical value but may 
prove to be a motivating device as well. 

A great deal of review of the processes 
of arithmetic can be developed by means 
of a study of statistics and probability. 
Now this may sound strange because this 
happens to be a topic which the Commis- 
sion on Mathematics is recommending for 
the senior year of study for the college 
preparatory program. However, a unit on 
this topic, in the junior high school, for 
the slow learner, can prove to be one of 
the most interesting parts of the years’ 
work. We will not use, of course, the unit 
prepared by the Commission, although 
this is excellent background material for 
the teacher. Rather we may employ the 
technique wherein some of the basic con- 
cepts of probability and statistics are de- 
veloped by means of an informal, labora- 
tory, inductive approach. Thus the stu- 
dent gathers and analyzes real data by 
means of penny-tossing experiments, toss- 
ing of dice, taking samples of chips from a 
box, ete. 

Such a unit, incidentally, allows the 
study of graphs, such as those showing 
distributions of heights, weights, and even 
the age of puberty for boys and girls. All 
of this allows the youngster to develop a 
better understanding of himself as an 
adolescent. 

The curriculum in geometry for the slow 
learner in the junior high school should be 
developed as an experimental, informal, 
investigative approach, with the labora- 
tory method of teaching as the predomi- 
nant procedure to be followed. A few ex- 
amples should serve to establish the point 
of view being expressed here: 


I. Informal deduction can be developed 
by actual measurement, paper folding, 
etc. Laboratory experiments can be set up 
whereby the student is asked to form gen- 
eralizations on the basis of a number of 
specific instances. For example, a sheet can 
be provided with a series of parallelo- 
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grams drawn. The student is asked to 
draw the diagonals in each figure, measure 
the segments of these, and deduct that the 
diagonals bisect each other. He is led to 
this conclusion by means of a carefully 
described process on a laboratory sheet 
such as the following: 




















Figure 2 














Figure 3 








Figure 4 








Figure 5 


The following experiment is based on 
the five parallelograms drawn above. 

1. Draw the diagonals, AC and BD, in 
ach figure. Call the point of intersec- 
tion of the diagonals M. 

Measure AM, MC, BM, and MD in 
each figure and record your data in the 
following chart: 


Figure | AM | Mc | BM | 


MD 


| | | | 


3. Compare the lengths of AM and MC in 
each figure. 
Compare the lengths of BM and MD in 
each figure. 
What do you conclude about the diag- 
onals of a parallelogram? 
Test your conclusion by constructing 
a parallelogram, drawing the diagonals, 
and measuring each of the segments. 
Test your conclusion by repeating the 
previous exercise with a four-sided fig- 
ure which is not a parallelogram. 


II. Elementary surveying enables the stu- 
dent to see some practical applications of 
the geometry he has studied, while at the 
same time it offers training in the areas of 
estimation, space relations, scale drawings, 
etc. Each student can make a simple cli- 
nometer or hypsometer and use the device 
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for indirect measuring out of doors. If 
nothing else, this will lend prestige to the 
group, an important factor to be con- 


sidered. 


III. The use of road maps is an excellent 
device to develop concepts of measure- 
ment, scale drawing, and co-ordinates. 


These brief remarks on geometry have 
been made to indicate a point of view. We 
can teach the slow learner to appreciate 
the beauty of geometric form,-to develop 
concepts of space relationships, to learn 
certain basic facts, and to develop skill in 
the use of the basic tools of geometry. We 
can do much more than just allow him to 
draw geometric designs as is so often done 
with this type of student. He too tires of 
drawing designs! 

The emphasis on algebra should prob- 
ably be relatively a minor one. Algebra 
can be introduced in the unit on informal 
geometry, using it naturally in connection 
with formulas for areas, perimeters, and 
volumes of geometric figures. This does 
not imply that algebra cannot be taught 
to the slow learners. Unfortunately it is 
taught to them all too often as the same 
series of meaningless manipulations that 
they had been asked to master in arithme- 
tic. They can be taught the mechanics of 
algebra, and with the guidance of an en- 
thusiastic teacher can even be taught to 
enjoy these mechanics, but this is not a 
worth-while activity. 

On the other hand, algebra can be 
taught as generalized arithmetic which 
will help reinforce knowledge of the basic 
fundamentals; this is very worth-while. 
One can, for example, develop a real un- 
derstanding of the addition of fractions in 
arithmetic by generalizing this with alge- 
bra. 

It is also of value to present to the 
slow learner those topics of algebra which 
arise in realistic situations. Thus we can 
relate the so-called three cases of per cent 
by means of a single formula: P=br. 
Other formulas which help explain certain 
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physical phenomena can be introduced. 
Certainly formal algebraic drill on such 
topics as “Complex fractions” or ““Equa- 
tions’ appears to be out of place for this 
group. 

It’s quite possible that this article has 
attempted to cover too broad an area and 
should have been limited to a much nar- 
rower field. On the other hand, it is not 
possible to intelligently discuss curriculum 
provisions for the slow learner in the junior 
high school without first knowing a little 
bit about the psychology of these youth. 
It is also necessary to have some informa- 
tion about handling the slow learner and 
guiding his learning activities. 

Finally, an attempt was made to point 
out specific areas in the curriculum where 
attention could be given to the slow learn- 
er by providing him with a meaningful, 
structured approach to mathematics, but 
with emphasis on laboratory techniques. 

There are many unanswered questions 
which remain; some of these are listed 
below. 


1. What should be the content of a three- 
year program of mathematics at the 
junior high school level for the slow 
learner? How much emphasis should 
be given to practical applications? 
What procedures are available to prop- 
erly motivate and develop favorable at- 
titudes among this group? 

What teaching methods prove to be 
most successful with the slow learner? 
What evidence is available concerning 
the use of aids and laboratory tech- 
niques with this group? 

What constitutes an adequate program 
of remedial arithmetic in the junior 
high school and how shall such a pro- 
gram be organized? 

What is the role of evaluation for the 
slow learner? 

What topics and procedures may be 
used to lend prestige to classes of slow 
learners, to so-called general mathe- 
matics sections in many schools? 
Finally, are any of the so-called mod- 





9 


ern topics suitable for the slow learner? 
Attempts are being made by some in- 
dividuals to adapt certain topics of 
modern mathematics to the below- 
average student. More such experimen- 
tation is needed. Can, for example, the 
slow learner also profit by a discussion 
of the elements of sets? 


The preceding list of questions has been 
classified as unanswered items, despite the 
fact that this article has attempted to pro- 
vide some of the answers. What is implied 


What's new? 


is that careful studies are needed concern- 
ing the interests, abilities, and teaching 
methods suitable for this large segment of 
our population—studies which might be 
equivalent to that which the Commission 
on Mathematics is attempting to conduct 
for the college preparatory student. This is 
no simple task, but the results would be 
valuable and eagerly sought by teachers 
throughout the country. In our rush to 
provide for the gifted, let us not forget the 
slow learners—there are so many more of 
them! 
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Angle trisection—an example of 
““‘undepartmentalized ” mathematics 


REV. 


An old, old problem 


WItrH THE MODERN emphasis on integra- 
tion in mathematics, teachers might find 
it profitable to consider a method for tri- 
secting an angle that is a fine illustration of 
the correlation of algebra, geometry, trig- 
onometry, and analytic geometry. In short, 
the formula sin 3A =3 sin A—4 sin’ A is 
expressed as y=3x—42* and graphed. 

Let y represent sin 3A, i.e., the sine of 
the angle to be trisected, and zx represent 
sin A or the sine of one third of the original 
angle. Then a given value of y determines 
three values of x, from one of which the 
required angle may be obtained. 

‘The accompanying graph shows the pro- 
cedure. Place the angle to be trisected in 
ordinary position with vertex at O, initial 


Figure 1 








BROTHER LEO, 0O.8.F., St. Francis College, 


Brooklyn, New York. 
but the emphasis is different, 
from the usual presentation. 


side OA, e.g., angle A OB. From point B 
where the terminal side of the angle meets 
the unit circle, draw BC perpendicular to 

OY, extending it to cut the graph of the 

cubic at D, E, and F. Lay off.on OY a dis- 

tance OR equal to CE (E is chosen because 
the obtuse angle AOB has the same value 
for its sine as its supplementary acute 
angle, and therefore the second possible 
value for the sine A is used), and construct 
by means of the unit circle the angle hav- 
ing OR as its sine. Angle AOL’ is therefore 
one third of angle AOB. 

In graphing the cubic the following 
points should be noted: 

1. The curve is symmetric about the ori- 
gin. This may be observed from either 
the algebraic or the trigonometric form. 

+3 
It has intercepts 0, - = on the x axis. 


Its range should be from —1 to +1 for 
both z and y, to correspond to the range 
of values for the sine of an angle. 
It has a relative maximum at x=}, 
y= land a relative minimum at «= —}, 
y= —1. This may be shown by writing 
the equation as y=1—(2x%—1)?(a%+1) 
and also as y= —1+(22+1)?(1—2). 
The method correlates the following 
topics: 
FROM ALGEBRA AND ANALYTIC GEOMETRY, 
it utilizes the Cartesian co-ordinate sys- 
tem in graphing the cubic y =32—42* and 
the unit circle z?+7? = 1. 
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FROM GEOMETRY, 

it applies the drawing of perpendicular 
lines, a circle, and the construction of angle 
AOE’. 
FROM TRIGONOMETRY, 

it requires the development of the for- 
mula for sin 3A, which embraces the use of 
sin 2A, sin (A+B), and sin? A+ cos? A = 1. 

it uses also the unit circle in two ways: 
first, given angle 3A to determine the rep- 
resentation of its sine, and secondly, given 
the value of the sine A to construct angle 
A. 

it emphasizes the fact that angles in the 
second quadrant have the same value for 
the sine as their supplements (this should 
be extended to angles terminating in the 
third and the fourth quadrants). 


If 3A is: 60° 420° 
Ais: 20° 140° 
Point D’ E” 


480° 780° 
160° 260° 380° 400° 
Dp’ ” ag D’ E’ 


it establishes that angles of any size 
whatever, even greater than a complete 
revolution, might also be trisected by the 
proper determination of the correct value 
for x, and the corresponding correct value 
for angle A. 

The following table illustrates the choice 
to be made, based on the assumption that 
angle AOB is 120°. From the table the 
proper point is chosen to determine the 
terminal side of angle A. The points then 
repeat themselves at intervals of 3 revo- 
lutions. 

Every teacher should impress on his stu- 
dents that this is not a solution of the 
classical problem, since methods other 
than the use of straightedge and dividers 
are used, notably the freehand drawing of 
the cubic. 


1140° 1200° 





The circle is the first, the most simple, and 


the most perfect figure. 
Lo cerchio é@ perfettissima figura. 


Letter to the editors 


Dear Editor: 

In regard to Professor Oesterle’s article in the 
October issue of THE Matruematics TEACHER 
and my letter to the editor published in the 
February issue, may I say that my interpreta- 
tion of the statement found in Professor Oes- 
terle’s article and referred to in my letter is 
erroneous. 

I hope you will be able to find a place for 
this letter in an early issue of THe MatTue- 
MATICS TEACHER, thereby correcting, insofar as 
possible, any misinterpretation of Professor 


Angle trisection 


Proclus 
Dante 


Oesterle’s excellent article that may have been 
caused by my letter. 
Sincerely yours, 
Joun Barry Love 
Asst. Professor of Mathematics 
Eastern Baptist College 
St. David, Pennsylvania 


Editorial Note: And the Editor must share the 
blame for too quickly passing a comment that 
looked like an editorial error. 


an example of ‘“undepartmentalized” mathematics 355 





One plus one equals toon 


FRANKLIN 8S. McFEELY, Montana State College, Bozeman, Montana. 


Names for binary numbers are proposed. The names are similar 
to those for decimal numbers with the same representation. 


MANY OF US HAVE, at one time or another, 
amused ourselves by performing arithme- 
tic with numbers whose radix (base) is 
other than ten. With the appearance of 
automatic digital computers, the use of at 
least one radix other than ten, viz., two, 
has become of some importance. Numbers 
with this radix are often called binary 
numbers. Since only two symbols, 0 and 1, 
are required to express binary numbers, 
rules for addition are simple, being ex- 
pressed by fairly simple devices in basic 
electrical and electronic circuitry (flip- 
flops, change of polarity, etc.). Most digi- 
tal computers perform addition using bi- 
nary numbers, although, of course, input 
and output data may be in decimal form. 

To keep pace with their new impor- 
tance, it would be fitting to agree upon a 
terminology for binary numbers analogous 
to that for decimal numbers. It appears 
that there are two reasons for attacking 
this problem. The first is that such a termi- 
nology would facilitate the paper-and- 
pencil addition of binary numbers. The 
second relates to the desirability of associ- 
ating magnitudes with binary numbers 
directly without the necessity of convert- 
ing them to decimal numbers. This prob- 
lem has been considered by Stern! and 


Binary representation 10 11 
Binary name toon etooven 
Pronunciation toon 6-too’-ven 


Decimal magnitude 2 3 


1 Joshua Stern, “‘A System of Names for Binary 
Numbers,"’ Science, CX X VIIT (1958), 594-95. 


100 1000 
toodred 
too ’-dred 


others.2 The names proposed here are 
somewhat different from those put for- 
ward by Stern. 

Once the rule 1+ 1= 10 is thoroughly in 
mind, addition of two binary numbers of 
two or more significant digits each is easily 
performed, and this ability thus allows us 
to add any number of binary numbers by 
performing successive additions of two 
numbers. In order to add more than two 
binary numbers directly, without reduc- 
ing the sum to several sums of two num- 
bers, and to perform the addition, think- 
ing in binary numbers instead of in deci- 
mal numbers and then converting, names 
for the binary numbers would be helpful. 
The names below are proposed. 

The “‘justification”’ for this terminology 
is: (1) The names, when spoken, indicate 
that the numbers are in radix two. Since 
the spelling ‘‘two”’ might appear awkward, 
the spelling ‘‘too’’ is used. (2) The names 
are somewhat similar to the names given 
decimal numbers having the same repre- 
sentation (but not magnitude, of course). 
Using this terminology, binary numbers 
are named in the same manner as decimal 
numbers, e.g., the binary number 1111 is 
called one toosand one toodred etooven. 


Counting proceeds one, toon, etooven, one 


1 ,000 ,000 ,000 

toosand mitoollion bitoollion 

too’-sand mi-tool’-lion bi-tool’-lion 
8 64 512 


1 ,000 , 000 


2 A. 8. Householder and Joshua Stern, ‘‘Letters,”’ 
Science, CX XVIII (1958), 1246, 1298. My colleague, 
Dr. Adrien Hess, called my attention to these refer- 
ences. 
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toodred, one toodred one, ete., and this is: 
what we do when we add. 

Now consider an example in addition. 
The procedure is as follows: 


(3) (2) (1) 


(1) In the ones’ position we count one, 
toon, etooven (11), hence we write 1 and 
have 1 to carry. (2) In the toons’ position, 
we have one (carry), toon, etooven, one 
toodred (100), hence we write 0 and have 
toon to carry. (3) In the toodreds’ position 


we start at toon (carry), and proceed to 
etooven, one toodred, one toodred one, 
one toodred toon, one toodred etooven 
(111), which we write as shown. A little 
practice should make one quite articulate 
in this system and able to add binary 
numbers with facility. We can then pro- 
ceed to subtraction, multiplication, and 
division. Finally, analogous to the decimal 
point, we may introduce a toocimal point. 
Names for binary numbers less than one 
are obtained by attaching a suffix to the 
name of the reciprocal of the number 
exactly as is done in the decimal system, 
0.01 is ‘‘one- 
toodredth’’; etc. This then gives us a set 
of names for binary numbers as complete 
as the set for decimal numbers, as far as 


i.e., 0.1 is “one-toonth’’; 


representation is concerned. 


Arithmetic—Early Nineteenth Century 


“A gentleman a chaise did buy, 

A horse and harness, too. 

They cost the sum of three score pounds, 
Upon my word ’tis true. 

The harness came to half the horse, 

The horse to twice the chaise, 

And if you find the price of them, 

Take them and go your ways.” 


Solutions to Problems in May 1959 issue, “Student Journal’’ 


Doublets. The first player should write X in 
squares 8, 9. The figure is now symmetrical. The 
first player keeps it so. Whatever the second 
player does, the first player does the same thing 
on the other side. For example, if the second 
player fills squares 11, 12, the first player fills 
5, 6. If the second player fills 1, 2, the first player 
fills 15, 16. In this way the first player is sure to 
win. 


The Expanding Railroad. By the Pythagorean 
Theorem, PQ? = 1.0003? —12=0.00060009. Tak- 
ing the square root, we find PQ=0.0245 ap- 
proximately. So Q is 0.0245 of a mile above P. 
This is about 129 feet, much more than most 
people guess. 


Problem 135. Dividing the Area. Starting from 
A, go 4 spaces to the right and 1} spaces up. 
Mark this point and join it to A by a straight 
line. Below this line we have a triangle of base 
4 and height 14, also a single square. The area 
below is thus 4X4X1}+1=4}, as required; 
there are 9 squares altogether. 


- 


Why Surprises Happen. Question 5. Yes. Ques- 
tion 7. Yes. Question 8. n-n+8n+15. Question 
9. (n+4)(n+4) =n-n+8n+16. (n+3)(n+5) 
=n-n+8n+15. The first expression is always 
bigger by 1 than the second. 
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Trisecting an angle 


Cc. CARL ROBUSTO, St. John’s University, Brooklyn, New York. 
In view of the interest many of the “uninitiated” show in angle trisection, 
commentary on a proof that trisection is not possible, 


and presentation of the proof of impossibility, may serve a purpose. 


FOUR CONSTRUCTION PROBLEMS—doubling 
the cube, squaring the circle, constructing 
the regular heptagon, and trisecting an 
angle—using a straightedge and compass 
alone, are the more common of the classical 
Greek problems of geometrical construc- 
tion. Of these problems, trisecting a given 
angle is perhaps the most popular. 
Through the years many alleged proofs or 
solutions have been advanced for this 
unsolvable problem. Of course there are 
angles, such as 90°, 135°, 180°, and 360°, 
for which the trisection can be performed. 
To establish that the trisection of an- 
angle, using a straightedge and compass 
alone, is in general impossible, it is suffi- 
cient to show but one angle that cannot 
be trisected, since a valid general method 
would have to include every single case. 
Thus, the nonexistence of such a general 
method will be established if we can show, 
for example, that an angle of 60° cannot 
be trisected by a straightedge and compass 
alone. 

A straight line can intersect a circle in 
two points only, and these points of inter- 
section may be determined merely by the 
solution of a quadratic equation. Con- 
versely, a quadratic equation may be 
solved by means of a straightedge and 
compass. Now, if we are given any angle, 
let us say equal to 6, the problem is to de- 
termine (6/3). An algebraic equivalent of 
this problem may be obtained in various 
ways. A simple procedure is to consider an 
angle 6 as given by its cosine, cos @=y. The 
problem, then, is equivalent to that of 


finding the quantity, z=cos (0/3). From 
plane trigonometry the cosine of (@/3) is 
related to that of @ by the equation 


cos 6=y=4 cos* (6/3) —3 cos (0/3). (1) 


In other words, the problem of trisecting 
the angle @ with the cos @=y amounts to 
constructing a solution of the cubie equa- 
tion 


y =428—32 or 422—32-—y=0. (2) 


Now, let @=60°, so that y=cos 60°=}. 
Equation (2) then becomes 


82 —6z=1. (3) 


It is merely necessary now to show that 
this equation has no rational root, and the 
impossibility of trisecting the angle is es- 
tablished. Equation (3) has no rational 
root. Thus, the trisection of the angle is 
established as impossible, using a straight- 
edge and compass alone. The first rigorous 
proof that an angle cannot be trisected by 
straightedge and compass alone was pre- 
sented in 1837 by P. L. Wantzel. 

The proof that the general angle cannot 
be trisected with a straightedge and com- 
pass alone is true only when the straight- 
edge is considered as an instrument for 
drawing a straight line through any two 
given points and nothing else. By permit- 
ting other uses of the straightedge, the 
totality of possible constructions may be 
greatly extended. The restriction to the 
straightedge and compass alone dates back 
to antiquity, although the Greeks them- 
selves did not hesitate to use other devices. 
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Figure 1 





Figure 2 


The following procedure for trisecting an 
angle, found among the works of Archi- 
medes, is a good illustration. 

Let an arbitrary angle 6 be given, as 
shown in Figure 1. Extend the base of the 
angle to the left, and describe a semicircle 
with O as center and arbitrary radius r. 
Now mark two points on the straightedge, 
A and B, such that AB=r. Keeping the 
point B on the semicircle, move the 
straightedge into the position where A lies 
on the extended base of the angle 6, while 
the straightedge passes through the inter- 
section of the terminal side of the angle @ 
with the semicircle about O. Then, with 
the straightedge in this position, draw a 
straight line making an angle @ with the 
extended base of the original angle @. This 
construction actually yields ¢= (6/3). 

A method of trisecting an angle approxi- 
mately, in fact with a remarkably small 
error, attributed to Nicomedes, is as fol- 
lows. Let AOB be the given angle. 
Through a point P on OB, draw, a line 
perpendicular to OA such that it meets 
AO at Q. Now draw a series of straight 
lines through O and lay off on them, from 
the points where they intersect PQ, a dis- 
tance equal to 2(OP). If the points now 
determined are connected by straight lines, 


we determine approximately the locus of 
what is regarded as the “Conchoid of 
Nicomedes.”’ To trisect the angle, we erect 
a perpendicular from P which meets the 
conchoid at the point C. As shown in Fig- 
ure 2, it follows then that the angle AOC 
equals one-third of the angle AOB. 

As a proof, draw the construction line 
PM. Then, sin OCP=PN/NC=PN 
/2(OP); cos MPQ=cos OCP=PM/PN; 
sin MOP =PM/OP. From these equations 
we obtain: sin MOP=2(sin OCP-cos 
OCP) =sin 2(OCP). It follows, then, that 
angle MOP=2(OCP). Since angle AOC 
=angle OCP, the construction is estab- 
lished. 

The following interesting geometrical 
construction will also trisect an angle. 
Describe a circle with center at O and a 
diameter, the extremities of which are B 
and A. From B, draw a series of chords 
extending through the circumference of 
the circle. On each chord, on both sides of 
the circumference, lay off a distance which 
is just equal to the radius of the circle. 
The locus of these points is called the 
“Limacon of Pascal.’”’ Now, as shown in 
Figure 3, upon OA as base with vertex at 
O, construct the angle to be trisected. Ex- 
tend the side of the angle until it intersects 


Figure 3 
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the limacon at the point P and draw BP. 
Let the point where BP intersects the 
circle be called Q. Now, PQ=QO=OB, 
which is the radius, and angle PBA is two- 
thirds of the angle POA. The trisection is 
completed by bisecting angle PBA. 

The problem of trisecting an angle, as 
originally proposed by the Greeks, was to 
trisect an angle rigorously, without theo- 


retical error, by means of a straightedge 
and compass only. Misunderstanding the 
restriction on the use of the straightedge 
and the consequent impossibility of ac- 
complishment of the construction by use 
of the compass and unmarked straightedge 
leads people to attempt a thing that has 
been known as impossible for more than a 
century. 


When you have satisfied yourself that the 


theorem is true, you 


start proving it.—The 


Traditional Mathematics Professor. 





Have you read? 


Bancrort, T. A. and Furranskxy, Davin L. 
“‘Demand and Supply of Statisticians Now 
and in the Future,’’ The American Statis- 
lician, February 1958, pp. 20-24. 


Both college and industry will feel the short- 
age of statisticians during the next ten years. If 
the supply were to be doubled it would not 
suffice. New departments as well as courses in 
the area are being developed. Colleges are being 
called upon to provide consulting services for 
many different industries. The government is 
also taking its share. There are 2100 federal 
services classified as statistical. In 1957 there 
were 300 vacancies in these positions and only 
10 to 50 people were prepared to take over. 
There are all levels of jobs in statistics; it is also 
a fine opportunity for girls. I think you will 
want to read this article and recommend it to 
your students.—-Puitiep Peak, Indiana Uni- 
versity, Bloomington, Indiana. 


BryDEGAARD, Marauerirte. “Expanding Hori- 
zons in Building Mathematics Competency,”’ 
Childhood Education, December 1958, pp. 
162-66. 

The author points out that machines now do 
the “errand boy mathematics”; therefore, our 
education calls for a broader horizon. We must 
be concerned about quantity, size, order, and 
position. Teachers must fan the flame of curi- 
osity held by the student. 

Someone must lend a helping hand to the 
teachers also. 

Action research in the field is needed in the 
areas of understanding, identifying facts about 
numbers, evaluating, building appreciation, and 
expanding the “how” to teach. The real power 
of mathematics must be felt from the kinder- 
garten through the Ph.D. I think this article 
will confirm this feeling —Puitip Peak, Jndiana 
University, Bloomington, Indiana. 
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Mechanics of orbiting 


M. V. LANDON, Nasson College, Springvale, Maine. 


THE BASIC EQUATIONS of orbiting for the 
satellites are easily within the grasp of the 
secondary-school student of algebra and 
trigonometry. While the refined equations, 
necessary for putting a satellite in orbit, 
are beyond the student of such elementary 
mathematics, the basic equations give ex- 
cellent insight into the mechanics of orbit- 
ing. 
The mechanics of orbiting are based on 
Newton’s three laws: 
1. A body at rest or in motion will con- 
tinue at rest or in motion along a 
straight line at a uniform velocity, un- 
less acted upon by an outside force. 
If an unbalanced force acts on a body, 
the acceleration produced will be equal 
to the force divided by the mass of the 
body. 
To every action there is an equal and 
opposite reaction. 


Indeed, Newton himself worked out the 
mechanics of orbiting over two centuries 
ago and suggested launching man-made 
satellites from the tops of mountains, 
using big guns. Unfortunately Newton’s 
ideas were far ahead of the technology of 
his time. 

A rocket is launched by burning fuel in- 
side of it and allowing the gases formed to 
escape through a small orifice at the bot- 
tom. The gases must push on the rocket in 
order to get out of the orifice, thus forcing 
the rocket upward. This is the reaction re- 
ferred to in Newton’s third law (Fig. 1). 
The force with which the rocket is pro- 
pelled upward is called the thrust. The 
acceleration with which the rocket rises is 
equal to the thrust minus the weight of 


A timely article for mathematics classes 


in the high school. 


the rocket divided by its mass. 
1. a=F/m 


The problem of determining the ac- 
celeration produced in a rocket is compli- 
cated by the mass changing as the fuel 
is consumed. This problem requires calcu- 
lus for an exact solution. However, we may 
assume a rocket with constant mass during 
flight and see the general manner in which 
a real rocket behaves. Let us assume a 
rocket of three stages with the following 
characteristics: 


TIME 
(Sec) 


THRUST MASS 
(Pounds) (Slugs) 


WEIGHT 


STAGE | Pounds) 


15,000 44,000 468 120 
000 20,000 156 100 
000 12,000 63 80 


5, 
2, 

The mass in slug units is obtained by 
dividing the weight by the acceleration 
due to gravity (32.2 ft./sec), assumed con- 
stant in the idealized situation. The time is 
the time of burning of the fuel, hence the 
time during which the thrust lasts. The 


Figure 1 
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thrust is also assumed constant in this 
rocket, though it would not necessarily be 
so in an actual rocket. We would commit 
little error if we assume the thrust to be 
the average thrust. Friction due to the at- 
mosphere is also ignored, though in prac- 
tice it is an extremely important factor. 
It is so difficult to handle theoretically 
that friction data are usually obtained 
experimentally from models.* 

First stage. The total weight to be pro- 
pelled by this stage is 22,000 lbs. and the 
thrust is 44,000 lbs. giving an unbalanced 
force of 22,000 lbs. The mass is the total 
mass of 687 slugs, hence the acceleration 
is 22.000/687 or 32 ft./sec?—an accelera- 
tion of one g, to use technical language. 

Second stage. The first stage drops at the 
time the second stage fires. This leaves a 
weight of 7000 lbs. and a mass of only 219 
slugs. With an unbalanced force of 13,000 
lbs. the acceleration is 59 ft./sec? or 1.83 g. 

Third stage. Since the first and second 
stages have been dropped, a weight of 
only 2000 Ibs. is left with a mass of 63 
slugs. Since the thrust is 12,000 lbs., the 
acceleration is 191 ft./sec? or 5.97 g. 

In uniformly accelerated motion the 
velocity, v, at the end of time, ¢, is, if the 
initial velocity is v9, 


> v=vo+at 


where a is the acceleration. 

For the first stage vo is equal to 0, hence 
v is equal to 32120 or 3840 ft./sec. At 
the beginning of the second stage v» is 
3840 ft./sec, giving at the end of the sec- 
ond stage a velocity of 9740 ft./sec. Like- 
wise the velocity at the end of the third 
stage, or final velocity, is 25,020 ft./sec, 
well within the orbiting range of velocities. 

On the surface of the earth, for most 


practical problems, it is assumed that ac- 


celeration due to gravity is constant. In 
studying the mechanics of orbiting after 
the satellite is in orbit, we must take into 
account the variation of g. Since there 
are more data available about the satel- 


* All calculations slide rule accuracy only. 


lites, fr here on the calculations can be 
made on actual satellites. For simplicity 
we shall carry on with our hypothetical 
satellite and leave the data on actual 
satellites to the table at the end of this 
article. 

Newton’s law of gravitation states that: 
“Every object in the universe behaves as 
if acted upon by every other object in the 
universe with a force proportional to the 
product of their masses and inversely 
proportional to the square of the distance 
separating their centers.” Hence, the force 
of attraction of the earth for an object will 
vary inversely with the square of the dis- 
tance from the center of the earth. Since 
the acceleration given an object is directly 
proportional to the force, then the ac- 
celeration due to gravity at any point 
above the earth’s surface is inversely pro- 
portional to the square of the distance 
from the center of the earth. If g’ is the 
acceleration due to gravity at height, h, 
above the earth, then 


3. g'/g = R?/(R+h)? 


where R is the radius of the earth. This is 
only approximately correct since the 
sarth is not a perfect sphere, but it is suffi- 
ciently accurate for the present purpose. 

In Figure 2 the satellite is in orbit at 
the point P and has a velocity, v. Left to 
itself it would continue on a tangent to the 
orbit as shown by the arrow. This is in 
accordance with Newton’s first law. 
Gravity, however, continually pulls it 
toward the earth. The force to keep the 
satellite in a circular path is called 
céntripetal force and may be calculated 
by the formula: 


4. F=mi/(R+h). 


For the satellite to remain in orbit, the 
gravitational force must be equal to this 
centripetal force. Hence, 


5. mg’ =mv?/(R+h). 
Dividing both sides by m gives 


6. g’ =v?/(R+h). 
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Figure 2 


Solving (3) for g’ and equating to (6) 
gives 


rf R?g/(R+h)*?=v?/(R+h). 


Therefore 
8. h=gR?/v?—R. 


If the terminal velocity of our rocket 
(25,020 ft./sec) and the radius of the earth 
in feet (21,100,000) are substituted in (8) 
we get the height at which our satellite 
will orbit, 1,800,000 ft. or 340 miles. 

The reader must not get the impression 
from this that if the satellite reaches this 
velocity, it will automatically orbit. At the 
instant this maximum velocity is reached 
the satellite must be traveling on a hori- 
zontal path along a great circle. Even then 
it will not orbit in a circle. Due to small 
errors in velocity, the path being off the 
horizontal and the earth not being a per- 
fect sphere, the orbit will be an ellipse. 
From here on we will have to speak of 
average velocities in the orbit, average 
times of revolution, etc. 

The period, P, or time to make one 
complete revolution around the earth, may 
be found by calculating the circumference 
of the “average’’ circle it describes and 
dividing by the velocity 


9. P=22(R+h)/v. 


Substituting in the values before ob- 
tained, this gives 5747 seconds or 95.8 min- 
utes. 

The energy of the satellite is calculated 
from the definitions of energy. Energy of 
a body is of two kinds, potential and 





° 


Figure 3 


kinetic. Potential energy in this case is the 
weight times the height of the satellite. 
The kinetic energy is one half the mass 
times the square of the velocity. The total 
energy is the sum of these two: 


10. E=mg"h+4moe’. 


A root-mean-square average for g’’ must 
be used. (g before was on earth. In equa- 
tion 10 use g, or g’’.) The value of g’ 
at the height h is computed from (3). The 
value at the surface of the earth being 32.2 
ft./sec?, the root-mean-square value is 
found to be 35 ft./sec”. Let us assume that, 
at launching, the satellite carried in the 
third-stage rocket weighs 32 lbs. It will 
then have a mass of approximately | slug. 
The potential energy will be 45,000,000 
ft.-lbs. and the kinetic energy 300,000,000 
ft.-lbs., or a grand total of 345,000,000. 
Truly tremendous energy, but it is only a 
fraction of the total energy needed to put 
it into orbit due to the energy lost as the 
various stages are dropped. 

It is important to know over how wide 
an area our satellite can be seen. If in Fig- 
ure 3 our satellite is at point P, the are 
represents the surface of the earth with the 
center at O and the satellite immediately 
over B, then the farthermost point at 
which the satellite can be seen will be A, 
the point of tangency of the line of sight 
from P. The satellite will be seen in an 
area enclosed by a circle on the earth with 
arc AB as a radius. The problem is to find 
arc AB in miles on the surface of the earth. 

The line OA is the radius of the earth; 
OP is equal to the radius of the earth plus 
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the height of the satellite. Since, from 
elementary geometry, the tangent to a 
circle is perpendicular to the radius at the 
point of contact, the angle OAP is a right 
angle. Then 

11. cos ZPOA=AO0/OP. 

For our satellite, h is 340 miles and the 
radius of the earth is 4000 miles. Hence 
cos Z POA =0.9250 and angle POA is 22° 
or 1320’. Remembering that a nautical 
mile is the distance of one minute of arc on 
the equator, are AB is then 1320 nautical 
miles. To get statute miles, multiply by 
6/5 or 1584 miles. 

Predicting where and when the satellite 
may be seen is simple if we keep clearly in 
mind the relative motion of the satellite 
and earth. As the satellite revolves around 
the earth, the earth will rotate under the 
orbit of the satellite, causing the satellite 


to cross a given parallel of latitude farther 
west each passage. 

Assum> that our satellite is over New 
York City (40°48’N, 73°58’W) at 6:00 
P.M. EST. Ninety-six minutes later it will 
be over the same latitude, but the earth 
will have turned under it and the longitude 
will be 96 minutes or 24° farther west. This 
puts the satellite at 40°48’N, 97°58’ or 
over Kansas and Nebraska. Actually the 
satellite will cross the 40th parallel twice 
in each passage. The two passages are 
separated by approximately 180° in longi- 
tude. The calculation of the second passage 
is more difficult and will not be considered 
here. 

These calculations, approximate though 
they may be, should give the student an 
insight into the mechanics of the orbiting 
of man-made satellites. It is hoped they 
will give the imaginative student an 
impetus in his study of mathematics. 


TABLE OF SATELLITES LAUNCHED TO Oct. 1958 





Weight 900 


Country 


tussia (Oct. ’57) 184 lbs. 
tussia (Nov. 1118 
S. (Jan. 758) 31 
(Mar. ’58) 3 

31 
2925 


38 


1020 
1510 
2458 
2000 
1120 
1200 


D7 
J). S. 
J. S. (Mar. ’58) 
tussia (May 758) 
a 58) 


I 
I 
[ 
[ 
{ 
I 
[ 


. (July 


Even in the 


Height 


560 miles 


mathematical 


Min. 


Height Period 


Velocity 





18,000 mph 
17 ,800 
19,000 
18 ,365 
18 ,000 
14,746 
16 ,000 


96 min. 
104 
114 
134 
116 
105 
112 


125 miles 
140 
218 
409 
100 
128 
120 


sciences, our 


principal instruments to discover the truth are 


induction and analogy.—Laplace 
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@ HISTORICALLY SPEAKING,— 


Edited by Howard Eves, University of Maine, Orono, Maine 


Michel Chasles and the forged autograph letters 


by R. A. Rosenbaum, Mathematical Institute, Oxford, England 


Educators often consider the question 
of “‘transfer.”” For example, does the study 
of mathematics instill habits of logical 
thought which carry over to the analysis 
of problems in other rational disciplines? 
It is of interest in this connection to exam- 
ine the behavior of professional mathema- 
ticians, to see whether they exhibit notably 
logical qualities in the nonmathematical 
aspects of their lives. The spectacle of a 
mathematician acting in a markedly irra- 
tional manner fills most observers with 
unholy glee. No such spectacle can surpass 
that of Michel Chasles and the forged 
autograph letters. 

Chasles was one of the foremost geome- 
ters of the nineteenth century. His A pergu 
historique sur Vorigine et le développement 
des méthodes en Géométrie - - -, published 
as a memoir of the Academy of Brussels 
in 1837, is an extraordinary achievement 
of synthesis and generalization which won 
him immediate recognition. He _ con- 
tributed many theorems to geometry, and 
the “principle of algebraic correspond- 
ence” is known by his name [4].* Joseph 
Bertrand, in [1], quotes what he refers to 
as an oft-repeated sentence, ‘All the 
geometers of Europe are disciples of M. 
Chasles.”’ 

But Chasles was an especially ardent 
French patriot, and his nationalistic pride 
led to a debacle. When shown some letters, 
purportedly written by Pascal, in which 
the laws of gravitational attraction were 
set out, he eagerly bought them: here was 


* Numbers within the brackets refer to references 
at the end of the article. 


proof of France’s priority to Newton’s 
England! A scholar and bibliophile with a 
comfortable income, Chasles continued to 
buy documents from one Vrain-Denis Lu- 
cas during the period 1861-69. 

The details of his purchases seem in- 
credible. He bought over 27,000 letters, 
for about 140,000 francs. There were 175 
letters from Pascal to Newton, 139 from 
Pascal to Galileo, and large numbers 
written by Galileo [3]. But Lucas provided 
ancient, nonmathematical letters as well. 
Included in Chasles’ purchases were six 
from Alexander the Great to Aristotle, one 
from Cleopatra to Caesar, one from Mary 
Magdalene to Lazarus, and one from 
Lazarus to St. Peter. Every letter was 
written on paper, and in French [2]! It is 
probably true that Chasles, in his ardor 
and enthusiasm, did not look at many of 
his 27,000 purchases. 

When Chasles disclosed to the French 
Academy of Sciences his theory of Pascal’s 
priority to Newton, there was consider- 
able scepticism. Chasles displayed some of 
his letters, and it was pointed out that the 
handwriting was not the same as that of 
letters which were indubitably Pascal’s. 
Various anachronisms appeared. Each was 
met by a new letter furnished by Lucas, in 
which the difficulties were explained away. 
But after several years of controversy, 
Chasles had to acknowledge defeat. He 
exhibited his entire stock of 27,000 forged 
letters, and Lucas was sent to prison for 
two years. 

Lucas’s defense at his trial was interest- 
ing. He maintained that he had done 
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nothing wrong—that Chasles had really 
received his money’s worth, that the con- 
troversy and trial, which were widely re- 
ported, had stimulated in the public a 
healthy interest in history, that the de- 
bates in the Academy had been much more 
exciting than usual, and that he, himself, 
had acted through patriotic motives. 

At the same time that one marvels at 
Chasles’ gullibility, one must be amazed 
by Lucas’s industry: to “antique” paper 
for 27,000 letters is itself quite a task! 
Lucas apparently had spent many hours 
each day in libraries, acquiring historical 
knowledge for his writing. Since he knew 
neither Greek nor Latin, he was severely 
handicapped in his work. According to 
Farrer [3], nothing is known of Lucas after 
his prison sentence; but Bertrand [1] re- 
ports that Lucas served his time, returned 
to his “profession” after his release, and 
was resentenced to three years as a re- 
cidivist, Chasles asking wryly, ““Wouldn’t 
it have been better to sentence him to five 


years from the start?” 


An obsolete problem in 


by Cecil B. 


Anyone who has browsed through text- 
books of a generation ago or longer will 
discover that there are not only changes in 
the type of material which is presented, 
but that some problems have definitely 
become obsolete and have been dropped. 
It is interesting to note, however, the 
length of time it takes for a problem to 
disappear. 

An interesting problem of this nature 
arose from the necessity of converting 
money of the various states, which eventu- 
ally formed the United States of America, 


Apparently Chasles was greatly em- 
barrassed by the affair, and Bertrand re- 
marks that the man had suffered enough— 
the matter should be forgotten. But 
Farrer can’t resist giving a twist of the 
knife, which may well serve as a warning 
to all of us: 

“The logical incapacity that M. Chasles 
displayed throughout the contest subse- 
quently waged over his supposed treasures 
shows conclusively how insignificant is the 
benefit conferred on the reasoning facul- 
ties by mathematical studies. The leading 
mathematician of his country showed him- 
self incapable of reasoning better than a 
child.” 
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arithmetic 


Read, University of Wichita, Wichita, Kansas 


from one currency to another. One might, 
of course, expect that problems of this 
nature would be of importance before the 
forming of the nation, but it is surprising 
to note how long such problems remained 
in arithmetic textbooks after the federal 
government was formed. 

In the sixth edition (1807) of Pike’s 
Arithmetick one finds many pages devoted 
to problems of this nature: 

To reduce New Hampshire, Vermont, Mass- 
achusetts, Rhode Island, and Virginia currency 


to federal money, reduce the shillings, pence, 
and farthings to decimals, divide the whole by 


366 The Mathematics Teacher | May, 1959 





3, putting the comma [sic, the comma was used 
as we now use a decimal point] one figure to the 
right hand in the quotient than in the pounds of 
the dividend and the quotient will be the answer 
in dollars, cents, and mills. 

To reduce New Hampshire, Vermont, 
Massachusetts, Rhode Island, and Virginia 
currency to New York and North Carolina 
currency, add one-third to the given sum. 

... to Pennsylvania, New Jersey, Delaware, 
and Maryland currency, add one-fourth to the 
given sum. 

. .. to South Carolina and Georgia currency, 
multiply the given sum by 7, divide the product 
by 9. 


Obviously there are many variations of 
the problem. For example: 

To reduce federal money to New England 
and Virginia currency; to reduce South Carolina 
and Georgia currency to New York and North 
Carolina currency (multiply the given sum by 
12 and divide the product by 7). 


One can see the need of many other such 
combinations. In addition, problems in 
this Arithmetick involved reduction of the 
various currencies to sterling; to Irish, 
Canadian, and Nova Scotian money; to 
Livres Tournois; and to Spanish dollars. 

One might not be particularly surprised 
to find that problems of this nature were 


still of value as late as 1807. However, 
similar problems appear in Emerson’s 
North American Arithmetic, published in 
1834. Smith, in his Arithmetic, published 
in 1836, offers a double apology, once for 
omitting “much that is contained in other 
treatises respecting what is called ‘the 
currencies of the different United States.’ ”’ 
He then apologizes for introducing the 
subject at all, saying, “Those merely 
nominal... currencies have long been 
obsolete in law, and ought to become so in 
practice. So long, however, as that prac- 
tice continues, it may be necessary to re- 
tain a brief notice of it... .” 

Even as recently as one hundred years 
ago, in Greenleaf’s National Arithmetic 
(1858), we still find some space devoted 
to these problems, although the author 
does say, ‘“The old currencies of the States 
are no longer used in keeping accounts, 
yet the price of articles is still named by 
some traders in the old currency of their 
State.” 

One might well wonder just how long 
it does take a problem to become com- 
pletely obsolete. 


An excursion into labyrinths 


by Oystein Ore, Yale University, New Haven, Connecticut 


Classical sources, notably Pliny, name 
several famous labyrinths of antiquity, 
probably all patterned after the original 
“Temple at the Beginning of the Lake,” 
located near the town of Arsinoé in 
Egypt. Other types of mazes, some stone 
laid, some used as decorative patterns and 
magic symbols, may be found among many 
peoples. Several medieval cathedrals have 
floors embellished with labyrinth designs; 
the popularity of the garden variety of 
mazes goes back to the Rinascimento. 


Labyrinths, like most everything else, 
have become the object of mass produc- 
tion; the mazes used by the modern psy- 
chologists for their rat races exceed in 
number and intricacy, as well as ugliness, 
anything seen in earlier centuries. 

Most precious to the Greeks, and par- 
ticularly to the Athenians, was the laby- 
rinth of King Minos at Knossos on Crete, 
the stage of the mythological love story 
of Ariadne and Theseus. Catullus, the 
Roman poet, describes the complexity of 
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Figure 1 


the labyrinth and how Theseus, after the 
slaying of the Minotaur, feels his way fol- 
lowing the slender thread so ingeniously 
provided for him by Ariadne. 

The problem of finding a way out of a 
labyrinth, or maze, or cave, requires syste- 
matic thought, and so should be a legiti- 
mate topic for mathematical study. 
Briefly, a labyrinth consists of passages 
meeting points with other 
passages, and at these junctions the 
wanderer must make a judicious choice of 
new directions. Such a situation corre- 


leading to 


sponds to a geometric figure called a net- 
work or a graph. A graph consists of 
vertices, corresponding to the junctions of 
the passageways, and these vertices are 
connected by the lines or edges of the 
graph, corresponding to the passages 
themselves. See Figure 1 and Figure 2, 
representing the maze at Hampton Court. 

Mathematically our problem may then 
be formulated: Find a path of edges in the 
graph from one given vertex to another 
given vertex (the exit of the labyrinth). It 
must be assumed, naturally, that such a 
path is always possible, that is, that the 
graph has the property of being connected. 
It is also evident that it must be possible 
to remember which have been 
passed, because otherwise there is nothing 
to prevent an endless wandering around in 
circles. Thus we assume that the edges can 


edges 


be marked in some way. 

Many books on puzzles include a chap- 
ter on this labyrinth problem [1].* The 
first systematic procedure for finding a 


* Numbers within brackets refer to references at 
the end of the article. 


way out of them seems to have been pro- 
posed by Wiener [2]. His rule runs as fol- 
lows: From the given vertex ap one pro- 
ceeds along the edges of the graph as far 
as possible, selecting at each vertex 
an edge which has not previously been 
traversed ; at a vertex where one can move 
no farther, the path is retraced until one 
arrives at some vertex where there is still 
some unused edge. 

The last operation will consist in re- 
tracing the whole path, returning to ao, 
and it is fairly clear that such a path will 
have covered all edges of the graph. How- 
ever, it will involve many repetitious walks 
and the retracing of the paths requires 
some kind of Ariadne’s thread. 

In his Recréations mathématiques Lucas 
[3] analysed another procedure ascribed to 
Trémaux. This method results in a path 
in which every edge in the graph is covered 
once in each direction. The same result is 
obtained by using the following rule due 
to Tarry [4]. 

Beginning at an arbitrary vertex ao, 
one follows a path P at random, marking 
each edge as one passes with the direction 
in which it has been traversed. Also, when 
one arrives at some vertex g for the first 
time, the entering edge is marked espe- 
cially as such. Each time one arrives at a 
vertex g, one follows next an edge (q, r) 
which has either not previously been 
traversed or, if so, only in the opposite 
direction (r, q). If at some vertex there 
should be no more edges available, one 
makes an exit through the entering edge. 


Figure 2 
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One sees that by each passage through 
a vertex g there will be an incoming edge 
and a departing edge in the path P; conse- 
quently, it can only come to a halt at ap. 
We shall prove that then all edges have 
been covered, once in each direction. First 
we verify this fact for all edges with an 
endpoint at a. Since P cannot be con- 
tinued, all edges at a) must be covered in 
the direction from ap; but because there 
are as Many outgoing as incoming edges in 
P at ao, each edge is covered in both 
directions. The same result is then ob- 
tained by induction for the other vertices 
in P. We assume that for vertices a; 
before a vertex a, in P the edges are cov- 
ered in both directions. This, then, holds 
in particular for the entering edge (dn-4, 
d») to an. Since the entering edge has been 
used for an exit, there can be no other 
edges at a, which have not been covered in 
the direction from a,. But again there are 
as many outgoing as incoming edges at a, 
in P, and so all edges are covered in both 
directions. 

The Tarry paths show that it is always 
possible to pass through a connected finite 
graph in such a manner that each edge is 
covered direction. This 
means, for instance, that one can walk 
through an exhibition by such a route 
that the exhibits on each side are all in- 
spected without repetition. 

The labyrinth methods mentioned are 
ingenious, yet it seems that none of them 


once in each 


is quite appropriate for the problem at 
hand. If a wanderer is lost at some point 
ao, he must have arrived there by some 
bounded walk, and the exit must lie at a 
not too distant point. But then it should 
be unnecessary to meander through the 
whole labyrinth to its most distant re- 
cesses. What is wanted instead is a method 
of search which insures that all vertices 
within a certain range have been visited. 

In a graph one usually introduces a dis- 
tance d(a, b) between two vertices a and b 
as the smallest number of edges in any 
path between them. Thus two vertices 
connected by an edge have the distance 1. 


To visit all vertices at the distance 1 from 
do is easily done: one passes along each 
edge at a to its other end and returns to 
do. But in order to continue systematically 
it is necessary to mark the edges in some 
way. Each edge E = (ao, a:) is marked once 
as one leaves dy and at the point a, it is 
marked as the entering edge. If there 
should be no edges at a other than EH 
we return to a and mark E£ as closed. If 
some other edge LH =(ao, ai) should also 
lead to a; from ao, we mark it closed at 
both ends; the same is done with any cir- 
cular edge returning to do. 

To visit all vertices at the distance 2, 
one selects some unclosed edge (ao, a,;) = E 
at a) and marks it again. At a the non- 
closed edges are traversed and marked, 
eventually closed if they reach vertices al- 
ready touched upon. When this is com- 
pleted one returns to ap by the entering 
edge. If there should be no edges open at 
a after the visit, the entering edge F is 
also marked closed at ao. After the return 
to do, the same process is repeated on one 
of the other open edges marked only once, 
and this is repeated until they all have 
been treated. 

After having touched upon all vertices 
at a distance at most n from ap, the situa- 
tion is as follows. All open edges at ap are 
marked n times, the open edges at a vertex 
a, of distance 1 are marked n—1 times, 
and so on. To visit next the vertices at a 
distance n+1, one moves successively to 
each vertex a; at a distance 1 and visits all 
vertices at a distance n from a, using only 
the edges still open and marking and clos- 
ing edges according to the rules given 
above. 

The description of the method may 
seem a little complicated. In actual ex- 
amples the procedure simplifies a good 
deal because so many edges soon become 
closed. The reader may try it out on the 
famous maze from the garden at Hampton 
Court. 

The methods of Trémaux and Tarry also 
had a theoretical implication for graph 
theory because they show that any finite 
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connected graph can be traversed in a 
path which includes each edge just once in 
each direction. The last method, varied 
slightly, also yields a fact of theoretical in- 
terest. We modify the preceding rules so 
that an edge is eliminated or closed only in 
case it goes to a vertex reached previously. 
It is seen that the remaining edges in the 
graph form a tree, that is, a connected 
graph 7 without circular paths. One easily 
verifies that this tree has the following 
properties: There is at least one edge of T 
at each vertex in the graph G, and T is a 


Wh at s new? 


maximal tree. That is, when any edge of G 
is added to T it will produce circular paths. 


REFERENCES 

. Baur, W. W. Rouse: Mathematical Recrea- 
tions and Essays, Macmillan Co., numerous 
editions. 

. Wiener, C.: “Uber eine Ausgabe aus der 
Geometria’ situs,” Math. Ann., VI (1873), 
29-30. 

. Lucas, E.: Recréations mathématiques, four 
volumes (1882-1894). 

. Tarry, G.: “Le probléme des labyrinthes,”’ 
Nouv. Annales de Math., 3d. ser., XIV (1895), 
187-90. 





BOOKLETS 


Algebra Can Be Fun, William R. Ransom. Port- 
land, Maine: J. Weston Walch, Publisher, 
1958. Paper, ix+195 pp., $2.50. 

Calculus Quickly, William R. Ransom. Portland, 
Maine: J. Weston Walch, Publisher, 1958. 
Paper, viii+60 pp., $1.00. 

Introduction to Algebra and Indirect Measure- 
ment, Louise A. Mayer. Benton Harbor, 
Michigan: Educational Service, Inc., 1957. 
Paper, vi+110 pp. 

Money Management, Your Savings and /nvest- 
ment Dollar. Money Management Institute, 
Household Finance Corporation, Prudential 
Plaza, Chicago 1, Illinois, 1959. Paper, 40 
pp., 10¢. 


Rapid Analytics, William R. Ransom. Portland, 
Maine: J. Weston Walch, Publisher, 1958. 
Paper, vii+55 pp., $1.00. 


INSTRUCTIONAL MATERIALS 


Data-Guide: Trigonometry. Data-Guide Distrib- 
uting Corp., 4005 149th Pl., Flushing 54, 
New York. 8} X11 plastic sheet written by 
Arnold Fass giving summary of trigonome- 
try, 79¢. 

Basic Kit of Mathematics. Harvey House Pub- 
lishers, Irvington-on-Hudson, New York. 
Kit consisting of a book, The Story of Mathe- 
matics by Hy Ruchlis and Jack Engelhardt, 
three-dimensional geometric forms patterns, 
compass, protractor, triangles, ruler, and 
color pencils, $2.95. 


The most simple relations are the most com- 
mon, and this is the foundation upon which in- 


duction rests.—Laplace 
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@®@ NEW IDEAS FOR THE CLASSROOM 


Edited by Donovan A. Johnson, University of Minnesota High School, 


Proofs with a new format 


Modern curriculum proposals are focus- 
ing attention on logic and mathematical 
structures. The proofs of geometry have 
usually been the models of a mathematics 
deduction. Frequently, however, the logic 
of the deduction is hidden in the repetition 
of the steps of formal proofs. I have tried 
a new format in my geometry classes and 
find that it makes more sense to my stu- 
dents than the typical textbook proof. The 
sample below is an actual illustration of a 
student’s paper which uses the “new” 
format: 


Given: Square ABCD with M the mid- 
point of DC and AE=BF. 


To prove: ME=MF. 
Proof: 


. Assumption: Perpendicular lines 
form right angles which are equal. 

. Given: DC LCB and CD LDA. 

. Deduction: Angles C and D are equal 
right angles. 

. Assumption: The midpoint of a line 
bisects it into two equal segments. 

. Given: DC with midpoint M. 

. Deduction: DM =CM. 

. Assumption: If equals are sub- 
tracted from equals, the differences 
are equal. 

. Given: AD=CB; AE=BF. 

. Deduction: CF = DE. 


Minneapolis, Minnesota 


by Emil Berger, Monroe High School, 


St. Paul, Minnesota 














10. Assumption: S.A.S.=S8.A.S. 
. Gwen: DM=CM; ZC=ZD: CF 


=DE. 


2. Deduction: ADEM= ACFM. 
3. Assumption: Corresponding parts of 


congruent triangles are equal. 


4. Given: ADEM~ACFM; DM=CM;; 


ZC=ZD; CF=DE; ME corre- 
sponds to MF. 


5. Deduction: ME= MF. 
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Similar polygons and a puzzle 


by Don Wallin, Riverside-Brookfield High School, 
Riverside, Illinois 


The combination of a series of polygons 
can be a unique basis for applying various 
computational and constructional pro- 
cedures during a unit on similar polygons. 
The polygons used are cut out of card- 
board as shown in Figures 1-5 and have 
these dimensions: 

1. An isosceles right triangle with legs two 
inches long 

An isoceles right triangle with an hy- 

potenuse two inches long. 

A square with sides one inch in length. 

A pentagon composed of a square with 2 

sides »/2 inches long and an isosceles 

right triangle with legs one inch in 








Figure 1 


length. 

A pentagon composed of two isosceles 
right triangles, one with legs one inch 
in length and the second with legs two 


inches long. 


Additional polygons are formed by com- 
bining these polygons. For example, poly- 
gon 6 is a square formed by combining 
polygons 1, 2, 4, and 5. It is a challenging 


puzzie to figure out how to form this 


square with the given polygons. 





Another puzzle requires the use of all 





Figure 2 


five polygons to form polygon 7. This poly- 
gon is also a square. To help students 
form this square it is usually necessary to 
tell them to compute the area of the 


square. Knowing the length of the side of 





the square aids in placing the polygons in 
proper position. 

The following problems are given as ex- 
ercises in comparison of lengths and areas 


of the various similar polygons. For sim- 





plicity, the ratio of any two corresponding 








sides, altitudes, and perimeters of two sim- 
ilar figures is called the “linear ratio.” Figure 3 
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4 











Figure 4 


Why are polygons 1 and 2 similar? 
What is the linear ratio of 1 to 3? 
What is the ratio of the areas of 1 to 2? 
What are the missing dimensions for 
each polygon? 

Why are polygons 3, 6, and 7 similar? 

What is the linear ratio of 3 to 6? 6 completed: ‘ : 
to 7? 1. A square with the area of polygon 6. 
What is the ratio of the areas of 3 to 7? 2. A aquise WHR on sone euen te he 
6 to 7? 

What is the combined area of 3 and 4? 
What is the ratio of the areas of 3 and 
6 to 7? This set of puzzles, problems, and con- 
What is the ratio of the area of 1 and structions has added variety to the usual 
2 to 5? textbook problems on similar polygons. 








Figure 5 


Finally the following constructions are 


sum of the areas of polygons 3 and 6. 
A triangle equal in area to the sum of 
the areas of polygons 1 and 2. 


Mathematics rummy 


by Donovan A. Johnson, University of Minnesota High School, 
Minneapolis, Minnesota 


This game is played like animal rummy. 4+4+4, 34+3+3-+3. A “set” is 4 or more 
However, instead of animal pictures the cards with the same number value and/or 
cards have number facts or problems. The process, as 3X4, 2X6, 50% of 24, area of a 
object of the game is to get rid of cards by triangle with altitude 6 in. and base 4 in. 
forming “books” or “sets” of cards. A The deck should contain from 40 to 60 
“hook” is a set of 3 or 4 cards of the same cards and may be played by 2 to 6 players. 
number fact, as 3, .75, 75%, +4, or prob- To play, shuffle the cards and deal one 
lems with the same answer, 3X4, 4X3, at a time face down until each player has 
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TABLE 1 


SAMPLE NU 
Red 


1x<3 
3 
‘ 


9X4 

6 ft. 

2 of 2 

60% of 75 
integer 
32° 

125% 


35+! 


TABLE 2 


MBER RUMMY CARDS 





Green 


Blue 


Orange 





3+34+3+4+3 
75% 
50% of 72 
2 yd. 
1x} 
15 X75 
digit 5 
The coefficient is 3| The exponent is 5 
; | 1.25 


i 
The quotient is 7 The dividend is 5 


5X3 x4 
p+b=r 


9 


SAMPLE ALGEBRA RUMMY CARDS 


Red 


volume of cube 

perimeter of equi- 
lateral triangle 

integer 

square root of x 

y is a factor of x 

ratio of circumfer- 


ence to diameter 


area of a square x 
units on a side 

solution is set of 
numbers greater 


than ¢ 


the root is 7 


; 5) 
.60 
general number place holder in an 


equation 
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4+4+4 

43 

Area of 6-inch square 

1 yd. 2 ft. 12 in. 

i+ 

75x? 

whole number 

5 ee Ee Ee eo 

iF 

If 5 is subtracted from 35 
seven times the remainder 
is zero 

4X15 

The product of the base and 
rate gives the percentage 

Area of a square 3 units on 
a side 


Orange 
exponent is 3 
coefficient is 3 


digit 

one of 2 equal factors of z 
equation with two variables 
22 

7 


the square of x 


inequality 


linear equation of one place 
holder 

quadratic equation 

per cent 

variable 





6 cards (7 cards if two play). Place the re- 
maining cards face down in the center of 
the table to form a “drawing pile.” Turn 
the top card of the drawing pile face up be- 
side the pile to start the discard pile. Play 
is begun by the player at the left of the 
dealer, who draws a card from the top of 
either the drawing pile or the discard pile; 
if possible, this player forms a book or set, 
which he lays face upward before him. He 
then discards one card to the discard pile. 
He may form more than one book or set 
if he can, but may only draw or discard 
one. This order of draw, play, and discard 
is followed by each player in turn. 

Any player, in turn, may play the 1 re- 


maining card to a book turned up on the 
table. To any set of cards may be added 
any card or cards of the same value or 
process by any player. If all cards in the 
drawing pile have been used before the 
game is won, the discard pile may be 
shuffled and turned face down to form a 
new drawing pile. 

A game is completed when one player 
lays down all his cards or when no cards 
remain in the drawing or discard piles. All 
players then total the number of cards in 
their hands. The player with the smallest 
number of points wins. The mathematical 
expressions to be matched can be varied to 
apply to the topics being studied. 


... Until about 1951 upper-grade enrollment 


may be spoken of as 


paring for higher education. . 


a highly select group pre- 


.. Only after 1952 


for the first time in history of Russian education 
did upper-grade enrollment surpass its 10 per 
cent share in total enrollment. 

... While it is misleading to compare 
American high-school enrollment, it must be 
stressed again that the enrollment trends 
stressed above support the contention made 
earlier that in the past only a small percentage 
of Soviet students who enter the first grade are 
eventually graduated from the tenth grade. In 
the U.S. about 55 per cent. ...In the Soviet 
Union only about 5 per cent in the past, and 
recently about 12 per cent, of those who enter 
the first grade graduate ten years later. 
Soviet Professional Manpower, National Science 
Foundation, 1955, p. 61-62. 
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@ POINTS AND VIEWPOINTS 


Thanks a million 


A column of unofficial comment 


by H. Van Engen, University of Wisconsin, Madison, Wisconsin 


With this issue, the present Edi- 
tor’s responsibility for THe MATHEMATICS 
TEACHER comes to an end. At the Christ- 
mas meetings in New York, the Board of 
the National Council of 
Mathematics appointed Dr. R. E. Pingry 
of the University of Illinois to the office of 
Editor of THe Matruematics TEACHER. 
Dr. Pingry will be responsible for all future 


Teachers of 


issues. 

The Council is indeed fortunate to have 
Dr. Pingry as editor of the magazine. He 
is well known for his work in mathematics 
education and for his work with the Coun- 
cil. The magazine is in good hands for the 
next three years. 

In bringing my editorship to a close, it 
is indeed pleasant to acknowledge my in- 
debtedness to many people for their con- 
tribution to the editing chores. It is un- 
fortunate that all who assisted cannot be 
named. Literally hundreds of people re- 
ferred manuscripts, wrote reviews, com- 
mented on special policy questions, and as- 
sisted in a variety of ways. The magazine 
would have suffered greatly without their 
help. 

To Dr. Irvin Brune, assistant editor for 
the past six years, the Editor wishes to ex- 
press his sincere appreciation for his val- 
uable help. Dr. Brune prepared the index 
for each volume of the magazine, read 
manuscripts, and gave good advice. The 
magazine would have suffered without his 
valuable help. 

A special vote of thanks must go to de- 
partment editors, both past and present. 
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Throughout the past six years a number of 
people assisted by taking over responsi- 
bility for a section of the magazine. Rec- 
ords show that, at one time or another, the 
following people served as department 
editors: 

Emil J. Berger 

John A. Brown 

Kenneth E. Brown 

Paul C. Clifford 

Richard D. Crumley 

Dan T. Dawson 

Howard Eves 

Robert S. Fouch 

Donovan A. Johnson 

Phillip 8. Jones 

tobert Kalin 

Houston T. Karnes 

Lucien B. Kinney 

Francis G. Lankford, Jr. 

William C. Lowry 

Roderick C. McLennan 

Sheldon 8. Myers 

Joseph N. Payne 

Philip Peak 

Cecil B. Read 

William L. Schaaf 

Adrian Struyk 

Henry Syer 


The Editorial Board has always given 
the Editor splendid support and advice. 
Their support is appreciated and also their 
advice even though the Editor was not al- 
ways able to follow the Editorial Board’s 
excellent counsel. The following served as 
members of the Editorial Board: 

1953-1956 
Jackson B. Adkins 
Phillip 8. Jones 
Z. L. Loflin 
Philip Peak 
M. F. Rosskopf 
Helen Schneider 
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1956-1959 

Jackson B. Adkins 
Mildred Keiffer 
Z. L. Loflin 
Philip Peak 
Ernest Ranucci 
M. F. Rosskopf 
Thanks, also, to these people for their help. 

The Board of the National Council of 
Teachers of Mathematics has been very 
helpful by listening sympathetically to all 
editorial troubles and woes. Many mem- 
bers of the Board have been helpful in var- 
ious ways. 


M. H. Ahrendt, executive secretary of 
the National Council of Teachers of 
Mathematics, has always been responsible 
for the advertising which has appeared in 
the magazine. For this and his assistance 
in many other ways, the Editor is indebted 
to him. 

And last of all, all the members of the 
Council deserve a hand for the “Letters 
To the Editor’—you should write more— 
and for reading the magazine. Where 
would a magazine be if it did not have 
readers? 


Nineteenth Summer Meeting 


University of Michigan 


August 17 


The Nineteenth Summer Meeting of 
the National Council of Teachers of 
Mathematics will be held at the Univer- 
sity of Michigan, August 17-19. 

Special features of the program for this 
meeting include experimentation and ex- 
periences in teaching new topics in mathe- 
matics classes in the elementary school, 
junior high school, and senior high school; 
report from the School Mathematics 
Study Group who will be completing their 
second summer of writing by this time; the 
Arithmetic Project at the University of 


NCTM-NEA Summer Meeting 


The NCTM plan¥ two excellent programs as 
parts of the NEA Convention in St. Louis. Both 
meetings are July 1, 1959, in the Melbourne 
Hotel. At 9:30 a.m. a panel, principally admin- 
istrators, will give ideas and plans for taking 
care of the pupil superior in mathematics. This 


, 18, 19, 1959 


Illinois; programs for both gifted and non- 
gifted students of mathematics, including 
a demonstration lesson in an elementary 
school class; mathematics education in 
other countries; foundations in mathema- 
tics; responsibilities and opportunities for 
the mathematics consultant; a series of 
four lectures in mathematics; and pre- 
service and in-service programs for mathe- 
matics teachers. 

We believe the program will bring inspi- 
ration and many practical ideas to those 
who attend. We hope you plan to come. 


will be followed by questions and discussions 
from the floor. The luncheon speaker will give 
an overview of status and goals of the various 
groups now working to improve curricula and 
methods in mathematics. 

Jesse Osborn 
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Reviews and evaluations 


Edited by Richard D. Crumley, Iowa State Teachers College, Cedar Falls, Iowa 


BOOKS 


Editorial Note: For books of great impor- 
tance to the teaching profession, Taz MatTue- 
MATICS TEACHER has a policy of providing dual 
reviews written by people who may look at the 
book from different viewpoints. 


Teaching Arithmetic for Understanding (and 
student handbook), John L. Marks, C. 
tichard Purdy, and Lucien B. Kinney (New 
York: McGraw-Hill Book Company, Inc., 
1958). Cloth, xiv +429 pp., $6.00. 


Many of the criticisms stated here apply 
equally to most other books on the teaching of 
arithmetic. On some of these points the present 
book is better than most. 

I find no clear statement of the nature of 
mathematics as the science of deductive reason- 
ing, nor of mathematics as an art and as a lan- 
guage, nor of the role of mathematics in the 
natural and social sciences. I find little mention 
of mathematicians, nor any hint that mathe- 
matics is created by human beings. A reference 
to Bell, Men of Mathematics, and to some book 
on the history of mathematics, would help. 
Every teacher should know Kline’s book, 
Mathematics in Western Culture. There is no ade- 
quate reference to career information and the 
needs for mathematical training in various vo- 
cations, nor to the manpower needs of our so- 
ciety, such as the Steelman report, Science and 
Public Policy. The outline of the aims of arith- 
metic study on page 12-14 is unsystematic and 
confusing, and is hardly a model of clear think- 
ing for the prospective teacher. There is no men- 
tion of the impact of high-speed computers on 
our society. There is no mention of elementary 
number theory in either the text or the teachers’ 
manual. Such a book as Ore’s Number Theory 
and its History is an invaluable source of en- 
richment material. How can a teacher or a 
teacher of teachers make arithmetic interesting 
if he doesn’t know anything interesting about 
numbers? There is no reference to Swain, 
Understanding Arithmetic, which is the best 
book I know on the mathematical content of 
arithmetic. 

The authors do not mention the fundamental 
work of Piaget on the development of mathe- 
matical concepts in children. A teacher would 
find helpful a summary of the research on learn- 
ing and reinforcement and its application to the 
scheduling of drill. 

The authors recommend, essentially, the 
grade placement of suggested by 
the Committee of Seven. It was thirty years 
ago when Brownell published a devastating 


topics 


analysis of this research. Yet the results of the 
Committee’s research are used as though they 
provide reliable evidence for the design of the 
curriculum. In England, Sweden, and other 
countries, children learn in four years what our 
pupils learn in six. The report of Buswell indi- 
cates that British children do learn this curricu- 
lum effectively. The concept of “social uses” of 
arithmetic is narrowly limited to routine com- 
putations and ignores the applications to the 
natural social sciences. 

There is a good discussion of the meaning of 
the decimal system of notation and alternate 
bases. It is not made clear that numerals are 
names of numbers, and that the content of 
arithmetic is the properties of numbers. The 
notation must be understood, but is incidental, 
as a tool of communication, to the main business 
of teaching arithmetic. 

The authors lay a welcome stress on the laws 
of arithmetic, and discuss explicitly the com- 
mutative and distributive laws. The associative 
law appears disguised as the law of “‘compensa- 
tion.’”’ These generalizations are well stated in 
words, but the authors apparently feel that the 
statements in symbols are too difficult not only 
for teachers, but also for teachers of teachers. 
Average sixth graders learn with delight that if 
a, b, and c are any numbers, then 


a: (b+c) =(a:b)+(a-c), 


and that this is the explanation of the usual 
process for computing 


3X21 =3 X(20+1) =(3 X20) +(3 X1). 


Like all educators, the authors advocate 
adjustment for individual differences, yet do 
not, apparently, apply this philosophy in their 
own teaching. There is nothing in the text 
adapted to the capacities of a student who has 
had ninth-grade algebra, let alone any college 
mathematics. I can think of no policy more 
likely to discourage a well-prepared student 
from going into elementary teaching.—Paul C. 
Rosenbloom, University of Minnesota, Minneapo- 
lis, Minnesota. 


Teaching Arithmetic for Understanding (with 
teacher’s manual and student workbook), 
John L. Marks, C. Richard Purdy, and Lucien 
B. Kinney, New York, McGraw-Hill Book 
Company, Inc., 1958. Cloth, xiv+429 pp., 
$6.00. F 
Research by Grossnickle and others has re- 

vealed the lack of substantial mathematical 

background and good procedures for the teach- 
ing of today’s arithmetic. Here is a publication 
which attempts to meet the challenge by pro- 
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fessionalizing the subject matter for pre-service 
and in-service teachers (grades 1-8). The au- 
thors maintain theirs is a dual purpose when 
they say: “So that the teacher may thoroughly 
comprehend the mathematical aspects of ele- 
mentary school arithmetic, mathematical ideas 
such as properties of our number system, why 
numbers are placed in certain positions for com- 
putation, and the principles and relations under- 
lying the operations are stressed’’; and, ‘‘Above 
all else the emphasis here is upon strategy and 
techniques for use in helping pupils develop 
understanding of arithmetic.” It is the opinion 
of this reviewer that the authors, on the whole, 
have done remarkably well in dealing simul- 
taneously with mathematical substance and 
methods. Indeed, for the professionals who know 
Buckingham’s Elementary Arithmetic: Its Mean- 
ing and Practice and the many articles written 
by Brownell and Van Engen relative to the 
philosophy and psychology of arithmetic, this 
publication may appear to be a good integration 
of all three. 

The scope of the text is adequate. Its four- 
teen chapters include: (1) Why Study Arithme- 
tic; (2) Planning Effective Learning Activities; 
(3) The Arithmetic Curriculum; (4) Number 
and Number Systems; (5) Beginning Number 
Experiences; (6) Addition and Substraction; (7) 
Multiplication and Division; (8) Common 
Fractions; (9) Decimal Fractions; (10) Learning 
the Language of Per Cent; (11) Measures and 
Measuring; (12) Learning to Solve Word 
Problems; (13) Appraising Progress of Pupils; 
(14) Adjusting to Individuals. Also included is a 
section on “Games for Fixing Skills’’ and one on 
“Selected References.” There is a name index as 
well as a subject index. Within each chapter, 
the sequence and the techniques for developing 
number ideas are commendable, as are materials 
and devices. 

Mathematically the content is weighted 
heavily in favor of the collectional approach to 
number. It would seem that addition and sub- 
traction could be strengthened and zero made 
more significant had the number line been given 
greater prominence. In our time, thinking with 
positive and negative numbers has become al- 
most commonplace in the elementary school 
Likewise, more emphasis on equational thinking 
in items such as n+5=12 and 9—n=6 as well 
as []+(C]=7 and A+A= 1 would invigorate 
mathematical insight. 

Sensible algorisms are employed in the dis- 
cussion relating to common fractions, and it was 
good to see ‘‘4+4=?” in the horizontal form as 
well as the vertical. Division of fractions is pre- 
sented adequately for practical purposes, but 
the rationale for the inverted divisor will be found 
in a much later section called ‘‘Experiences for 
Enrichment.” The rationalization of multipli- 
cation and division of decimal fractions gets 
very extensive treatment, and at times the use 
of the words “rule,” “hypothesis,” ‘theory,’ 
“Jaw,” and ‘“‘generalization” in this section may 
be confusing. 

Occasionally the authors lapse into the older 


pattern of verbalizing mathematical ideas, and 
sometimes it is acknowledged as such. It would 
seem that “borrow,” “cancel,’’ “reduce,” and 
“to the right of the decimal point’? have had 
their day and that in the interest of good mathe- 
matics these should give way to “change,” 
“simplify,” and ‘‘to the right of the ones’ 
place.” 

Following each chapter there are numerous 
stimulating questions and exercises succeeded 
by an extensive supporting bibliography. Miss- 
ing, however, is reference to Brownell’s ‘‘Psycho- 
logical Considerations in the Learning and 
Teaching of Arithmetic’? (Tenth Yearbook, 
NCTM, 1935) and Van Engen and Gibb’s 
Mental Functions Associated with Division (lowa 
State Teachers College, 1956). While McCon- 
nell’s ““Recent Trends in the Learning Process” 
(Sixteenth Yearbook, NCTM, 1941) is included 
in the bibliography for Chapter 2, none of the 
preceding twenty-five questions or exercises 
refer to it. Arithmeticians consider this a most 
significant investigation of generalization in the 
field of number. Indeed, it is one of the first 
important studies relative to drill vs. under- 
standing and, in the opinion of this reviewer, it 
deserved a focal question or exercising. 

Though there is a workbook to provide fur- 
ther exercises as well as study questions, ac- 
cording to the authors, its assignments can be 
made for use with other arithmetic methods 
textbooks. The T'eacher’s Manual supplies an- 
swers to the text and workbook questions and it 
provides examples of test questions (without 
answers). 

These materials by Marks, Purdy, and 
Kinney make an ambitious and concentrated 
program intended for one semester of forty-five 
or fifty meetings. Thus selectivity will be per- 
tinent to insure the best use of their many 
suggested activities. And, while the text will 
assist some college instructors, it cannot be con- 
sidered the only answer to a good mathematical 
background for elementary school teachers.- 
Ann C. Peters, State Teachers College, Keene, 
New Hampshire. 


Arithmetic in My World (grade 7), C. Newton 
Stokes, Paul J. Whiteley, and Humphrey 
C. Jackson, New York, Allyn and Bacon, 
Inc., 1958. Cloth, 384 pp., $3.04. 


Arithmetic in My World (grade 8), with teach- 


ers’ edition, C. Newton Stokes, Paul J. 
Whiteley, and Anne Beattie, New York, 
Allyn and Bacon, Inc., 1958. Cloth, 383 
pp., $3.04. 


In the teacher’s edition of Arithmetic in My 
World, the authors make the following state- 
ments concerning their theory of teaching arith- 
metic. “The modern teaching program must 
have a social approach; attention must be given 
to adjustments in living....the study ma- 
terials for this program should be based on 
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reality: the problems of the child’s own needs 
and interests.”’ 

To get information concerning the child’s 
needs and interests, the authors, in a recent ten- 
year period, with the co-operation of parents 
and teachers of some 72,000 children in grades 
1 through 8, collected data on the everyday 
problems of children. The data was analyzed in 
light of the arithmetic which would be needed 
for solution of these problems. From this anal- 
ysis, the authors felt that they could decide 
what problems should be studied in the class- 
room and what arithmetical concepts should be 
acquired at different age-levels to insure well- 
adjusted living. A problem was considered 
worthy of inclusion if it was encountered by 60 
per cent of the children studied at a particular 
grade-level. As a result, the seventh- and 
eighth-grade books in the series devote consider- 
able space to work with commission, discount, 
meters, calipers, registered mail, 
buying, insurance, bor- 


mail orders, 
banking, installment 


rowing, stocks and bonds, and other problems 
from the physical world. The arithmetical con- 
cepts presented are examined in terms of their 


social applications 

The books are attractively and sturdily 
bound, and color has been generously used to 
make the pages inviting. The arithmetic, ar- 
ranged as it is around social situations, may ap- 
peal to students. The mathematics presented is, 
in general, sound, although the reviewer feels it 
necessary to take issue with the authors on some 
points (e.g., reference to a ratio as a fraction, 
and the suggestion that pupils prove pi equals 
3+ by computing the ratio of circumference to 
diameter using pupil measures of one circular 
object -P 

The reviewer has some reservations concern- 
ing the validity of conclusions drawn from the 
survey mentioned above. It is difficult to ac- 
cept that the quantitative social situations to 
be studied at the seventh- and eighth-grade 
levels were very real problems to the twelve- 
and thirteen-year-old pupils studied. A question 
might also be raised concerning whether acquir- 
ing knowledge about these situations will cause 
any significant change in the life-adjustment of 
a child in early adolescence 

Whether Arithmetic in My World is selected 
as a textbook by an arithmetic teacher will de- 
pend upon the teacher’s own theory of teaching 
arithmetic. If the teacher feels as the authors 
feel, that arithmetic must have a social approach, 
he will find these books a well-organized source 
of materials for his program. If, however, the 
teacher believes that the mathematics is the core 
around which the program must be organized 
and that social situations are important only 
as applications of the mathematics, he will find 
the books unsatisfactory. Apart from the unique 
approach to determining content, these books 
are traditional junior high school arithmetic 
books. The teacher interested in the modern 
approach to teaching mathematics must look 
elsewhere for his materials.— Della L. McMahon, 
Towa State Teachers College, Cedar Falls, Iowa. 
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Introducing Mathematics (2nd ed.), Floyd F. 
Helton, New York, John Wiley and Sons, 
Inc., 1958. Cloth, xv +396 pp., $5.75. 


This text attempts to present, on a mature 
level, mathematics for freshman college stu- 
dents with little or no background in high school 
mathematics. It covers, but with relatively little 
depth, the material of junior high school mathe- 
matics, elementary high school algebra, and 
elementary high school geometry. Thus the 
content is quite traditional. Likewise, the pres- 
entation of the material is quite traditional. 

There is good emphasis on the relations be- 
tween subtraction and addition, and between 
division and multiplication, thus utilizing well 
the notion of inverse operations. Another good 
point of the text is that systems of simple linear 
equations are introduced early in the section 
devoted to algebra. 

There are some spots and areas that to this 
reviewer seem to represent weaknesses. For 
example, no negative numbers are used until 
the middle of the book. This seems to be quite 
a handicap, for example, in the section dealing 
with scientific notation. There, scientific nota- 
tion symbolism cannot be used for decimal frac- 
tions. When the laws for positive integral ex- 
ponents are explained, the author makes the 
comment that they are not true in case the base 
is equal to zero. This comment is not true. In 
the rather extensive section devoted to manipu- 
lation and simplification of algebraic fractions, 
there are no precautions given about the possi- 
bility of division by zero in the simplification 
of these fractions. However, earlier in the text- 
book the question of division involving zero is 
treated very well. Unfortunately the definition 
of 1/2, on page 243, includes the possibility of 
its being a negative number. Also no restrictions 
are placed on the number z, with the result that 
(x)? =a appears to be true for all z. The dam- 
age is repaired slightly later on in an example 
to show that principal square roots are always 
positive. Finally, on page 244 is a statement 
that the proofs of the laws of radicals depend 
upon fractional exponents. However, the laws 
of radicals, as defined by this author, can be 
proved from these definitions. 

In summary, this is a book written for the 
college level, containing high school mathe- 
matical content, pitched at a junior high school 
level of understanding. It is unfortunate that 
many colleges throughout the United States 
find it necessary to offer courses based on text- 
books like this for college credit—Lyman C. 
Peck, Ohio Wesleyan University, Delaware, Ohio. 


Introduction to Logic and Sets (preliminary ed.), 
Robert R. Christian, Boston, Ginn and 
Company, 1958. Paper, vi+70 pp., $0.90. 

An Introduction to Sets and the Structure of Alge- 
bra, W. R. Krickenberger and Helen R. 
Pearson, Boston, Ginn and Company, 1958. 
Paper, iv+32 pp., $0.60. 

One should view both booklets as welcome 
additions to the mathematics teacher’s library. 
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Although the subjects of logic and sets are still, 
unfortunately, quite strange to many teachers 
of mathematics, it is now more likely than ever 
before that they will seek the kind of material 
represented in these booklets. 

The pace of development in both booklets 
is quite brisk, probably too brisk for the teacher 
and student whose acquaintance with the sub- 
ject is still in the embryonic stage. The study of 
these booklets should encourage one to search 
for further materials on the same and related 
topics. 

The first half of the first booklet is devoted 
to the subject of logic, the second half to sets. 
The author uses well in Part II much of the 
content developed in Part I, thus demonstrating 
that the knowledge of some logic is quite desir- 
able when studying sets. 

A well-informed teacher should make good 
use of the ample supply of problems, supple- 
menting them with additional practice problems 
of his own. 

One cannot help agreeing with the author’s 
claim that “‘the language of logic and sets must 
sooner or later play an important part in ele- 
mentary mathematical instruction.’’ Consider- 
ing the recent expansion of much effort to 
“‘modernize”’ the mathematics curriculum, one 
should view with optimism the possibility that 
the language of logic and sets will be soon a part 
of repertory of every mathematics teacher. 
Both booklets contribute well toward this end. 

The second booklet, smaller in scope, seems 
to cover much in little space. It is only fitting 
that a reviewer should find some faults. One 
must hasten to add, however, that a minimum 
of effort could produce much improvement. 

The authors of the second booklet failed to 
make clear distinction between members of sets 
and names of members. For example, on page 1, 
the sentence we designate a set by enu- 
merating, or listing, its members within braces’’ 
is ambiguous. What the authors, no doubt, 
mean is that one refers to a set by writing names 
of its members within braces. This difficulty 
recurs in several places throughout the booklet. 

The notion of identical sets is also unclear: 
“Two sets are said to be identical when they 
have identical members” (p. 3). It should be 
obvious that authors do not intend to deal with 
two sets when they speak of identical sets. There 
is only one set involved here. In connection with 
identical sets, the authors speak of equality. 
They claim that, in this context, the symbol 
‘=’? does not mean ‘‘equal’’ in “‘the usual sense.” 
One must accuse most of the mathematics 
textbooks of the failure to make clear what 

‘the usual sense” of the symbol “‘ =” is. Perhaps 
it is proper to suggest the following definition: 


a=b 

means 
a’’ and ‘‘b” are two names for the same thing. 
The sentence ‘‘Then the subsets of all ra- 


tional numbers, of all real numbers, and of all 
complex numbers are fields”’ is totally incompre- 


hensible. The authors probably intended to 
state that a subset of the universe S consisting of 
all rational numbers is a field. The concept of a 
field should be given a more thorough treat- 
ment. 

The use of adjectives as names for members 
of sets is a further example of this difficulty. 
Such use is inappropriate. 

The second booklet contains bibliography 
of seven well-chosen titles which should prove 
of benefit to teachers of mathematics. One could 
add several other sources for reference. Surely, 
the forthcoming T'wenty-fourth Yearbook of the 
National Council of Teachers of Mathematics 
will merit listing in this bocklet. 

One can only hope that more booklets con- 
cerned with the content new to secondary 
mathematics will make their appearance in the 
near future. The two booklets reviewed here 
are an encouraging beginning.—Hugene D. 
Nichols, Florida State University, Tallahassee, 
Florida. 


The New Mathematics, Irving Adler, New York, 
The John Day Company, 1958. Cloth, 187 
pp., $3.75. 


During the past few years there has been an 
increasing emphasis on mathematics as a study 
of structures. The secondary teacher has found 
it necessary to become well acquainted with 
those basic structures encountered in elementary 
mathematics: group, ring, and field. For the 
teacher who has had an introductory course in 
abstract algebra this poses no particular prob- 
lem. For others the search for information to 
clarify these concepts has, until recently, been 
made unnecessarily difficult by the absence of 
suitable materials. Although it is possible to 
ferret the required concepts out of an algebra 
text, the price, in terms of time and effort, is 
much higher than many a teacher can afford to 
pay. Professional articles, National Science 
Foundation Institutes, and in-service programs 
have attempted to help bridge the gap. Now 
here is a small book written in clear, concise 
language that makes these ideas readily avail- 
able to both secondary teachers and their stu- 
dents. 

The New Mathematics is an introduction to 
some of the fundamentals of modern algebra 
for the nonspecialist. It is not by intent a text, 
although with additional problem material it 
might very well serve as one. This book traces 
the development of the number system from the 
ordinary whole numbers used for counting 
through the complex numbers. En route the 
reader becomes acquainted with groups, rings, 
fields, vector spaces, and topological spaces. 
These concepts are carefully and clearly pre- 
sented. The technical language is kept to a mini- 
mum. Examples from the reader’s past expe- 
rience are used to fix the new concepts. ‘‘Do It 
Yourself’? problems appear at the end of each 
chapter. There is also a helpful summary of basic 
definitions, and an index. 
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The New Mathematics has a place on the 
bookshelf of every secondary teacher. It can be 
used by the interested high school student who 
wishes to know more about the mathematics he 
studies as well as by his instructor who has the 
same goal in mind.—Augusta Schurrer, Iowa 
State Teachers College, Cedar Falls, Iowa. 


The Structure of Arithmetic and Algebra, May 
Hickey Maria (New York: John Wiley and 
Sons, Inc., 1958). Cloth, xiv +294 pp., $5.90. 


“This book is an elementary axiomatic de- 
velopment of the real number system. Its aim is 
to make available... to the teacher of second- 
ary school mathematics the fundamental con- 
cepts that underlie the structure of algebra and 
arithmetic.’’—Preface. It begins with postulates 
such as the commutative laws, which are in 
some ways more convenient starting places than 
the Peano postulates. The properties of zero and 
of additive inverses are derived in Chapter 3 ina 
way reminiscent of the construction of negative 
numbers in some texts on modern algebra 
Mathematical induction and the natural num- 
bers are not reached until Chapter 8—an indi- 
cation of the slow thoroughness of the develop- 
ment. This is an excellent book for readers who 
wish an extremely detailed but elementary 
treatment. Its only motivating devices are ‘‘in- 
ternal.’”’ (For example, the need for a new axiom 
“to identify in the real number system other 
elements that are non-rational’’ is discussed at 
length.) The book neglects, however, the ‘‘ex- 
ternal’ motivation of axiomatics which comes 
from introducing a wide variety of number sys- 
tems, finite and infinite, commutative and other- 
wise, 

Theorems about the real numbers in their 
full generality, including irrationals, are proved 
in chapter 12, from a continuity axiom on the 
existence of least upper bounds. Limits of se- 
quences are discussed, and decimal expansions 
two chapters later; giving a substantial overlap 
with “advanced calculus” texts. 

One gentle criticism: This reviewer believes 
that as teachers of mathematics we would do 
well to employ language with more significance 
and less bleak austerity than that now current. 
Consider, for example: ‘“‘Here mathematics 
meets the problem of how to talk about its ab- 
stract entities, of what to say about them as 
mere blanks. What mathematics does in fact is 
to study not the entities themselves but rela- 
tionships between a system of entities’ (page 
17). Instead of speaking of the relationships of 
systems of blanks, should we not stress, for ex- 
ample, the importance of studying the structure 
of symbolic, detached languages; without undue 
regard, that is, to their content? Can we not find 
more constructive descriptions of the nature of 
mathematics? 

Be that as it may, teachers who wish to spell 
out in detail the basic logical interrelationships 
of the real numbers will enjoy reading this book. 

Carl H. Denbow, Ohio University, Athens, 
Ohio. 
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Understanding and Teaching Arithmetic, E. T. 
McSwain and Ralph J. Cooke, New York, 
Henry Holt and Company, 1958. Cloth, 
xi+420 pp., $5.50. 

The purpose of this book, as stated by the 
authors in the preface, is to serve as a “teaching 
guide to teachers and prospective teachers who 
desire to improve their understanding of the 
meanings, vocabulary, and mathematical opera- 
tions that constitute the language and science 
of arithmetic and who want... methods and 
materials ...that may motivate and assist 
pupils in experiencing purpose, meaning, inter- 
ests, and satisfactions from their study and use 
of arithmetic.” 

These are laudable aims. The pattern of pres- 
entation is laudable, too. So also is the aim of 
the authors to use each chapter ‘‘as an oppor- 
tunity to think with teachers about the topics 
which are found in a typical curriculum in 
arithmetic,’’ and to stress meanings. 

Unfortunately, these aims are not achieved. 
The discussion is wordy, confusing, and full of 
inaccurate statements. The level of mathemati- 
cal understanding and accuracy may be indi- 
cated by a few typical excerpts: 

1. ‘When a person wants to record an 
amount he uses a number. When he desires to 
compare two numbers he uses subtraction.” 
(page 6) 

2. “‘A dividend such as zero cannot exist 
because a dividend notates a sum.” (page 105) 

3. ‘Multiplication is a thought process of 
finding the sum or product of a given number of 
like integers or fractions and notating the total 
with one number (the product).’’ (page 182) 

4. “But in statements such as ‘The popula- 
tion increased by 6%’ there is little meaning 
because the whole quantity, i.e., former popula- 
tion, is not given. Unless this is known, the 
population increase cannot be computed.” (page 
240) 


In quotation 1 the first sentence is obvious, 
the second false. One is at least as likely to use 
division to compare two numbers. Concerning 2, 
it is perfectly possible for zero to be a dividend; 
it cannot be a divisor. (The reviewer has no idea 
of what ‘‘notates a sum’’ is supposed to mean.) 
As to 3, multiplication has nothing to do with 
finding sums. And finally, the quoted statement 
4 has a precise and significant meaning. There 
are many occasions when it is quite sufficient to 
know rate of increase without knowing the abso- 
lute amount. 

The pedagogical aspects of the book seem 
more meritorious: the ‘“‘explanatory questions,” 
the suggestions for teaching procedures, the 
questions for self-evaluation, the ‘suggested 
activities,” and the exercises all seem generally 
appropriate. But it is difficué to see how an 
adequate pedagogical superstructure can be 
erected on so shaky a mathematical foundation. 

The strictly computational aspects of the 
book are substantially correct, though so many 
special cases must surely tend to confusion 
rather than to clarity of thought. The chapters 
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on measurement, problem solving, and evalu- 
ation are generally good. 

The book includes also an extensive bibliog- 
raphy and a “basic vocabulary.” The latter 
includes a number of terms of little impor- 
tance like ‘‘abacus’”’ and “decade combination,” 
and others quite inaccurately defined: 0 is 
omitted from the list of Hindu-Arabic numerals, 


Letter to the editors 


Dear Editor: 


In his article, ‘‘Breakthroughs in Mathe- 
matical Thought,” in the January 1959 issue of 
Tue Matsematics TEACHER, Professor Howard 
Fehr of Teachers College says ‘‘yes’’ to the fol- 
lowing question: Has the new M.I.T. physics 
course been the work of college professors who 
have ignored the high school physics teacher? 
As one of the high school teachers working with 
the Physics Project, I know many other high 
school teachers who have been working with it. 
Professor Fehr has been misinformed. The new 
Physics Project has co-operated closely with 
secondary teachers and it is a daring affirmation 
of confidence in today’s high school physics 
teacher. 

This physics course originated as a scintilla- 
tion in the eye of Professor Jerrold Zacharias 
of the Massachusetts Institute of Technology. 
The first co-ordinated attempt to produce a text 
and associated materials took place in the sum- 
mer of 1957 when physicists, school teachers, 
and a variety of other specialists worked for the 
entire summer in Cambridge. During that initial 
summer and throughout the work of the project 
since then more than 40 per cent of the academic 
staff has consisted of secondary-school teachers. 
These teachers have worked on the writing, 
editing, designing of the laboratory program, 
and every other part of the Project’s activities. 

During the 1957-58 school year the first ver- 
sion of the course produced by the Physical 
Science Study Committee (PSSC) was tried out 
in eight schools. From that time on the experi- 
ment has received continual feedback from the 
high school teachers trying out the course. 

During the 1958-59 school year about 270 
secondary-school teachers are presenting the 
new course to their students. Many more teach- 
ers wanted to start the course but the Project 
was unable to accommodate them. The jump to 
270 secondary-school teachers is a clear indica- 
tion of its reception by teachers. (For all of its 
groups recommending and pioneering new pro- 
grams in mathematics, the mathematics educa- 
tion world has yet to produce a course which has 
the impact on secondary-school mathematics 
teaching that the new physics course has had in 
two years on physics teachers.) 


and is not a “‘digit’’; a degree is called ‘“‘a unit 
for measuring an angle or temperature’’ (this 
gives the impression that the same unit is used 
for angles as for temperature); multiplication is 
“a mathematical and mental process of rapid 
addition of a given number of like numbers.’’— 
Albert E. Meder, Jr., Rutgers, The State Uni- 
versity, New Brunswick, New Jersey. 


Another of Professor Fehr’s charges against 
the new physics course is that it is applicable 
only to the brightest few per cent of the high 
school population. Professor Fehr’s opinion here 
can be based only upon his own examination of 
the text. He has underestimated the average 
American high school student. Educational 
Testing Service is carrying out a complete test- 
ing and evaluation program for the new course. 
Data which is just beginning to come through 
from ETS indicates that the new course has sur- 
prising value for students of moderate ability. 
The results of complete data from ETS will be 
made available in future publications. 

In the meantime, let me add my subjective 
opinion as a teacher. If I were given a physics 
class of gifted high school students, I would 
want to use the new course. If I were given an 
average class, I would insist upon the new course. 

Sincerely, 

Danieu A, Pace 
Physics Teacher 
University High School 
Urbana, Illinois 


Dear Editor: 

More about Micky. I found it stimulating to 
read the two letters you printed, together with 
author Keedy’s reply, in the February issue of 
THe Maruematics Treacuer. The letters re- 
veal a fact which is too often unknown—the fact 
that mathematicians and teachers of mathe- 
matics are human. 

As an editor, I have always considered a 
flood of comments as a flood of compliments, 
for teachers must read what is published before 
they can pass along their ideas. 

One man’s opinion: THe MatTHematics 
TEACHER is the finest professional publication 
in print. More than any other single factor, it is 
contributing to the bettering of the teaching of 
mathematics in the United States. Keep up the 
excellent work. 

We look forward to having you with us in 
Dallas next month. 

Most sincerely yours, 

KENNETH MANGHAM 

Editor, The Texas Mathematics Teacher 
Central High School 

San Angelo, Texas 
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@ TIPS FOR BEGINNERS 


Edited by Joseph N. Payne, University of Michigan, Ann Arbor, Michigan 
and William C. Lowry, University of Virginia, Charlottesville, Virginia 


Oral testing 


by Harry Wolff, Berlin High School, Berlin, Wisconsin 


One of the important aspects of a com- 
plete evaluation program in mathematics 
is that of systematic oral testing. Every 
time we ask a question of a class or direct 
one to a particular individual we are, or 
should be, trying to discover some particu- 
lar facet of the educational or learning 
process. Since oral questioning is a form of 
testing, I suggest that we give it the same 
careful consideration which characterizes 
our attempts to construct written tests. If 
oral testing is given conscientious planning 
and if it is applied systematically, it will 
easily establish itself as a functional and 
essential part of our evaluation program. 

Of the many beneficial results to be ob- 
tained from oral testing, I think that two 
are especially suited for consideration in 
this article. First, oral testing presents the 
student with an opportunity to verbalize 
his mathematical ideas; second, it reveals 
weaknesses and strengths which would re- 
main undetected by other types of testing. 
$y assumption we are trying to develop 
individuals who can think originally and 
imaginatively in problem-solving situa- 
tions. In my opinion this implies that one 
must be able to communicate his ideas to 
others. By permitting the pupil to verbal- 
ize his mathematical thoughts we are al- 
lowing him to perfect this vital segment of 
his education. 

As a beginning teacher I remember be- 
ing confronted many times with the reply, 
“T know what it is, but I can’t explain it.” 
This I felt could be attributed to the lack 
of experience the student had in verbaliz- 


ing his ideas. I realized that too many 
times my questions were framed to initi- 
ate a positive or a negative reply only. 
This placed the student in the position of 
having a 50 per cent chance to render a 
correct decision even though he may not 
have understood the situation at all. As I 
analyzed my questioning technique, I de- 
tected another detrimental factor. By 
overuse, I systematically abused the 
“helpful” question. This is the type of 
question which contains so much informa- 
tion in the premise that the desired re- 
sponse is obvious to all. Although “‘help- 
ful’ questions and questions answered by 
“‘ves” or “no” are essential in any organ- 
ized system of questioning, they should be 
minimized since they do not encourage the 
student to put into words any ideas or no- 
tions he may have concerning the subject 
being scrutinized. To accomplish this I felt 
it was necessary to revise my questioning 
technique. 

Basically, the technique of quizzing for 
verbalization is that of asking questions 
which compel the student to organize his 
thoughts and present reasons-for his con- 
tentions. ‘‘What evidence can you produce 
to support your conclusions?” “How can 
you defend your idea?” ‘‘What reasons 
do you have for believing that?” The 
questions should be part of a flexible pat- 
tern because the unique strength of oral 
quizzing lies in the fact that it can be used 
to seize instantaneously an idea and ex- 
tend it with successive related inquiries. 
The questions should be designed to initi- 
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ate a *houghtful response, not a stereo- 
typed reply. The following example is of- 
fered to illustrate several of these ideas. 

An algebra class had an overnight as- 
signment of a group of exercises of the 
form ax=b where a and b were integers. 
The class had just become acquainted 
with the application to equations of the 
four basic axioms, and the assignment was 
designed by the author of the text as drill 
work in the use of the division axiom. The 
last exercise in the group (2/3z =8) was dif- 
ferent from the others in that the coeffi- 
cient of x was a common fraction. I antici- 
pated some difficulty with this exercise so 
I had one student put his solution to the 
problem on the board. He solved it in the 
following manner and checked his result 
by substitution. 


Method 1 


A single question made it apparent that a 
vast majority of the class had solved it in 
this manner. A second student remarked 
that he used a different method: 


Method 2 
2/3 x=8 
M; 27 = 24 
dD, z= 12 
And a third suggested that he solved it by 


“thinking” of the number which when 
multiplied by 2/3 gives 8: 


Method 3 
2/3zx=8 
2/3X?=8 
2/3X12=8 


z=12 


Further questioning failed to produce any 
other approaches to the exercise. 

I was intent on bringing out the idea of 
multiplying both members of the equation 
by the reciprocal of the coefficient of x. My 
first year of teaching I would have pro- 
ceeded to suggest that method, demon- 
strate it, and explain it. Now, I posed this 
question: “‘Let us assume that we cannot 
use the division axiom to solve this equa- 
tion. Can anyone find a method of solving 
it using only one or more of the other three 
axioms?” After a few moments of concen- 
trated study, one student suggested that it 
could be solved by multiplying both mem- 
bers of the equation by 3/2. I asked the 
student to put his solution on the board 
with the others. 


Method 4 
2/3 2=8 
M3; 3/2X2/32#=8X3/2 


r=12 


My first year, I probably would have led 
a discussion of the relative merits of the 
various methods at this point. Now I 
asked, “‘Will you please explain exactly 
how you arrived at this ‘magic number’ 
3/2?” He replied: “Well, since the fraction 
is connected mathematically to the « by 
multiplication, the use of the addition and 
subtraction axioms is out. That leaves 
only the multiplication axiom because we 
agreed not to use the division axiom. Now, 
since I wanted to get one x (one times z) 
I knew I had to multiply some number 
times 2/3 and get the product one. I could 
see that the number had to be greater than 
one and less than two. I figured that it had 
to be a fraction with a numerator of three 
so the threes would cancel when I multi- 
plied and it had to have a denominator of 
two so the twos would cancel. Then I mul- 
tiplied the second member by 3/2 to keep 
the equation balanced.” I complimented 
him and then said, “You mentioned some- 
thing that interests me a great deal. How 
could you tell that the number you were 
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seeking had to be greater than one and less 
than two?” He replied that he could esti- 
mate the size because ‘“‘one times 2/3 gives 
a number less than one and two times 2/3 
gives a number greater than one,” and he 
wanted the product to be “exactly one.” 
To avoid ignoring the remainder of the 
class, I deferred a similar question con- 
cerning the way in which he ruled out the 
addition and subtraction axioms to a pri- 
vate discussion during the supervised 
study period. At this point I extended the 
idea by developing the concept of a re- 
ciprocal. 

Another student volunteered still a fifth 
solution and this one also used only the 
multiplication axiom. He reasoned that if 
two thirds of « was equal to eight, then 
one third of x would equal four, and three 
thirds of « would equal twelve. On the 
board it looked like this: 


Method 5 
2/3 r=8 
Mie 1/3 x=4 
M; r=12 
Referring to the five methods visible on 
the board, I asked the following question. 


“‘Which of these methods is the correct one 
for solving this type of equation?’”’ With 


only slight hesitation, about a dozen indi- 
each 


viduals volunteered answers. As 
method was presented, I countered with, 
“Why?” The following are some sentence 
summaries of the reasons given for select- 
ing a particular method: 

“Method 1 is the correct one because 
all the other exercises in the group were 
solved using the division axiom.” 
““Method 4 because it shows that the 

multiplication axiom can replace the di- 
vision axiom.” 

““Method 2 because the axioms were 
all illustrated using integers and this 
method uses integers in two successive 
steps.” 

“Method 3 can only be used in special 
cases because if the fractional coefficient 


is a ‘really weird’ fraction you cannot 
guess the number easily.” 

“Method 5 is just like 4 except in 5 
you do it in two steps instead of one.” 


Soon, the more critical thinkers began 
to realize that the word “correct” was the 
bottleneck and made the whole question 
senseless from their point of view. Con- 
fronted with this fact, I admitted, with 
mock humiliation, that the word “correct” 
did make the question rather meaningless, 
and I suggested that the word “conveni- 
ent’? would probably have been a better 
word. I restated the question using the 
word “convenient”’ and we continued. 

Various reasons such as those presented 
by the students form the basis of some real 
teaching for me. They point up misunder- 
standings; they illuminate areas which re- 
quire reteaching; they reflect the almost 
reverent faith of the student in the wisdom 
and discretion of the author of the text; 
they give me an insight into the depth of 
understanding of individual students. I 
follow up one of these discussions with 
personal individual contacts during the 
supervised study period at the end of the 
class or outside the class if at all possible. 
During these conferences I try to get the 
student to elaborate on his ideas and dis- 
cuss his weaknesses and strengths. 

Another result to be considered, the 
unique way in which oral testing reveals 
weaknesses, can best be illustrated by an 
example. In a general mathematics class 
we were working with per cent. One of the 
techniques discussed was to change com- 
mon fractions to equivalent fractions with 
denominators of one hundred and then 
convert the hundredths to per cent. On a 
short quiz I gave the following exercises to 
be worked in that manner: (1) 3/10, (2) 2/4, 
(3) 4/16. I included the unreduced frac- 
tion, intentionally. One student produced 
the following solutions: 


386 The Mathematics Teacher | May, 1959 





— 25% 


During an oral quiz, I asked him to work 
the first exercise and indicate all the 
mathematical steps he used. He did it in 
this manner: 


3 ? 33% 


En a 
10 100 100 


334 y 
3 /C 3/100 
I then asked him to work the other two 


and, as I sat aghast, he proceeded to solve 
them in a similar manner, 


2 ? 50 


47100" 2/100" 


50 


— = 50% 
100 /0 


and 


~ 


4 by 25 25 


16 100 4/100 


- DROZ 


100 r 


producing the accepted answers, 50 per 
cent and 25 per cent. I learned two things 
immediately. First, the student knew very 
little about equivalent fractions even 
though he had two of the three exercises 
scored correct; second, there was a need 
for me to consider my quiz exercises more 
carefully in the future. 

The following day I discovered a third 
fact. The student, after a discussion of the 
coincidence of the apparently correct solu- 
tions for the second and third exercises, 
became fascinated with the notion and 


after investigating it came to me with two 
more fractions, 3/9 and 5/25, which 
“worked with his method.” Although this 
student knew very little about squares and 
square roots, he guessed that “if you di- 
vide the denominator by the numerator 
and get a quotient the same as the numer- 
ator, my method will work.”’ A very sim- 
ple algebraic analysis helped him to con- 
firm this thought: 

l l 100 
<n —X 100 —- 
a a a 





1x100  ~=«:100 


This example, I believe, illustrates the 
way in which oral testing brings out facts 
which might otherwise remain obscure or 
unknown. This example also reveals the 
manner in which I usually employ oral 
testing. I find that I can apply this tech- 
nique systematically by using it as a fol- 
low-up or as a supplement to my written 
tests and quizzes. Systematic use means 
regular use and, like most teachers, my 
problem is to find time to meet with the 
students individually. I accomplish a great 
deal by employing the individual oral 
quizzing during my supervised study pe- 
riod which normally occupies about one 
quarter to one third of each class period. 
Certainly oral testing is one of the most 
valuable diagnostic and teaching tech- 
niques I have at my disposal. 


The British Minister of Education, Geoffrey 
Lloyd, paid tribute to America’s method of edu- 
cating its average children during his recent 
visit to the United States. He said, ‘‘We British 
have a very advanced system, we feel, for edu- 
cating our clever children, but we also want to 
do more for our average boys and girls. We think 
you people have done a fine job in this field.” 
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Letters to the editors 


Dear Editor: 


I read with interest the account of the 
seventh Polish mathematical Olympiad in the 
December issue of Tut MatHEematics TEACHER. 
I wonder what comments this article caused. 

What would our better secondary-school 
mathematics students do with the preparatory 
round of problems? Has the teaching of Euclid- 
ean geometry in this country been influenced in 
recent years by the multiple-choice type of ques- 
tion so prevalent on college entrance examina- 
tions? Such questions cannot test the student’s 
ability to demonstrate an original theorem or 
construction problem. I think one of the most 
important benefits gained from the old-fashioned 
geometry course (with a good teacher) was the 
training received in recognizing in a new theorem 
elements with which one was already familiar. 
Hence the solution. 

Problem 4 was new to me and, in hopes that 
you may have some other proofs of this theorem 
sent in (it would be interesting to see them), I 
am enclosing an outline of the first proof that 
suggested itself to me (after about ten minutes 
of analyzing the problem). 


Theorem: The midpoint of the line joining the 
center of the circle inscribed in a triangle to 
the center of one of the escribed circles of the 
triangle lies on the circumscribed circle of the 
triangle. 

Let CA=b, CB=a, AB=c. 

Let circles O and P be the inscribed and 
escribed circles respectively, both circles tangent 
to side AB of triangle ABC. Let the circum- 
scribed circle intersect OP at D. 

PO produced passes thru C, since O and P 
together determine the bisector of angle BCA. 

Triangle CDA is similar to triangle CBE 
since angles CDA and CBE are measured by the 
same arc, and angle ACD is equal to angle BCE 
since CD is the angle bisector. 


1)From the similar triangles, 
CD CB 
AC CE. 


By the well-known theorem for the angle bi- 
sector of a triangle, 


abc? 
(a+b)? 


Therefore from (1) we have 


CE? =ab — 


ab 


CD=(a+b) " ; 
a 


+b)?—c? 


CO = VOF? +CF*. 


OF is the inradius and 


/(a+b—c)(a+c—b)(b+ce—a) 


a+b rc 


CF 


2 
by the theorem on equal tangents, so that CO 
becomes, upon substituting in (3) and simplify- 
ing, 
/ab(a+b—c) 


CO=4/ 
a+b+e 


OD=CD—-CO 


faba +b—c) 
at+b+e 


/ ab 


/ 


V (a+b)? —c? 


(4) =(a+b) 
cv/ab 
Vato 
By drawing a line through O parallel to FH, 
it is easily seen by similar right triangles: 
OP CO 
FH CF 
By equal tangents it is seen that FH =c, so 
that using (5) and values already found, 


OP c gf ice 
~ atb—e a+b+e 


2 


(5) 


which is 2 OD as found in (4). 
Very truly yours, 
Joun P. Horr 
Professor of Mathematics 
U.S. Naval Academy 
Annapolis, Maryland 
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THE NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 





The Secondary Mathematics Curriculum 


Report of 
the Secondary-School Curriculum Committee 
of the 
National Council of Teachers of Mathematics 


A pARADOX of the present-day American 
classroom tends to characterize twentieth- 
century mathematics, a subject pulsating 
with the challenge of new ideas, as one 
that was permanently fashioned in the 
matrix of pre-seventeenth-century thought. 
It is quite true that mathematics, “the 
fastest growing and most rapidly chang- 
ing of the sciences,’ does find peculiar 
strength in the time-tested validity of 
much of its traditional subject content. 
Rather than creating a paradox, however, 
this fact should, in actuality, provide 
background to give texture to the rich 
landscape of modern mathematical crea- 
tion. The source of the paradox has not 
been in the subject-matter content but in 
the failure of teachers and curriculum 
planners to recognize the basic interrela- 
tion existing between the old and the new 
in mathematics. There has been failure to 
recognize that not only can the excellence 
of the old give depth to the perspective of 
the new, but also that the elegance of the 
new can add refinement to the interpre- 
tation of the old. 

Recent events are tending to eradicate 
even this paradox. Increasing emphasis is 
being given to the significance of mathe- 
matics as a substantial part of our culture 
and to the rapidity with which it is chang- 
ing and is producing change. As a conse- 


quence, both lay opinion and professional 
opinion have become quite concerned over 
the curriculum content and the instruc- 
tional practices which characterize the 
current mathematics program in the 
schools of our nation. The significance of 
this concern and the serious nature of its 
implications are underscored by the ques- 
tions which teachers and administrators 
are asking. 


What is the place of mathematics in a changing 
society? 

What are some of the more significant new in- 
terpretations and uses of mathematics? 

What are some of the more recently developed 
areas of mathematical subject matter from 
which pertinent adaptations to the second- 
ary level of instruction can be made? 

What are the criteria to be used in planning a 
program in mathematics that will guarantee 
opportunity for maximum benefit both to 
the slow learner and to the mathematically 
gifted? 

What are the criteria to be used in planning a 
program that will provide equal assurance 
for appropriate functionai competence both 
to the terminal student and to the college- 
capable student? 

How can we secure better counseling of high- 
school pupils so that they may be informed 
about avenues of potential interest and chal- 
lenge in mathematics as well as warned 
against possible frustrations and disappoint- 
ments in the unwise attempt to reach un- 
attainable goals of mathematical achieve- 
ment? 

Which of the conventional topics of mathemat- 
ics, if any, should be radically changed or 
eliminated? 
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Which of the newer developments in subject 
matter have become of more than mere 
specialized significance? 

What of the new can be used to enrich the tradi- 
tional, and what are approved procedures for 
the accomplishment of such enrichment ap- 
propriate to secondary-school pupils? 

What of the old can be used to orient and clarify 
the new in such a manner that secondary- 
school pupils may profit most from exper- 
ience with the new? 

Questions such as these emphasize the 
urgent need for a searching reappraisal of 
the place of mathematics in our changing 
society, the content of the mathematics 
curriculum in our schools, and the instruc- 
tional procedures used to help the pupils 
in our schools derive the greatest benefit 


from this curriculum. 


ORIENTATION OF THE CURRICULUM 


Our changing society. The perspective to 
be gained from consideration of the gross 
attributes of society at present, and the 
changes occurring in them, can help us 
comprehend the need for certain emphases 
in education in general and in the study 
of mathematics in particular. 

The recorded history of man on earth 
almost vanishes if one looks back 100 life- 
spans. For example, one could receive a 
message from Plato that need not have 
passed through the mouths of more than 
thirty-three men. For Jesus, twenty-eight 
men would do, and for Mahomet, nine- 
teen. Even these startling calculations do 
not reflect adequately the explosive char- 
acter of the development of civilization 
and knowledge. Word could have come 
from Gutenberg through a chain of seven 
men, and from Newton through four. Two 
life-spans ago the steam engine and the 
lathe, keys to the industrial revolution, 
came into general use, and the internal- 
combustion engine came only one life- 
span ago. The rate of development during 
our lives has become fantastic, though we 
tend to become blind to it; e.g., it took us 
only a couple of months to become blasé 
about man-made satellites. Thus most of 
what man knows and has accomplished is in- 
credibly recent. We are living quite literally 


in the presence of an explosion of knowl- 
edge. 

We are also living in the presence of a 
biological explosion, some evidence of 
which we see in our classrooms. The popu- 
lation of the United States, for instance, is 
increasing now at the threefold per life- 
span rate; this results from a medium 
birth rate and a low death rate, and is ex- 
clusive of immigration. Most of the groups 
in the world have birth rates which will put 
them in the fourfold to sevenfold class if their 
death rates are reduced substantially—which 
can be done quickly. The limit of the explo- 
sion rate is supposed to be about sevenfold 
per life-span, when not seriously impeded 
by negative forces, such as shortages, pes- 
tilence, and social taboos. If the above es- 
timates had dealt only with people who 
had lived to be adults, the explosion rates 
would be greatly increased, and it would 
be evident that the adults now alive con- 
stitute a very interesting fraction of all 
who have ever lived. Even so, we should 
look on ourselves as the precursors of man- 
kind, for the great mass of men is just now 
arriving. For example, the net increase in 
humanity during the gestation period that 
ended today is numerous enough to popu- 
late the sixteen largest cities of the United 
States. 

The present attainments of the men of 
our planet are remarkably varied. Some 
have domesticated only the dog, while 
others at least can equal our most recent 
achievements. Furthermore, it is perfectly 
feasible for any given group to advance as 
much during one life-span as the leaders of 
the race did in ten. As a matter of fact, 
some of our children absorb the essence of 
100 life-spans and then break new ground, 
in a fraction of a life-span. There are sev- 
eral large groups on the planet now which 
have the vitality to surge beyond us during 
the next life-span, and which almost certain- 
ly will do so if most of our people seek solely 
to enjoy the status quo. 

The men of this planet are also alarm- 
ingly fierce. Indeed, we find it expedient 
within the confines of our own quiet soci- 
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ety to make perhaps one in every one hun- 
dred able-bodied males a policeman. Pos- 
sibly even more alarming is the fact that 
the advanced and powerful nations of the 
earth have within our life-span demon- 
strated that their capacities for cruelty 
and horror are the equal of anything in 
history. So if some new group surges into 
the lead, it will not be astonishing if it hap- 
pens to obliterate us in the process. 

Until now men have generally lived and 
died in a small number of fixed groups in 
fixed places. Their principal contact with 
the rest of the world has been in the form 
of friction with the few groups in their im- 
mediate neighborhood. Within our life- 
span, however, the internal-combustion 
engine has been combined with the air as 
a medium of transportation, and the global 
properties of our planet have become of pro- 
found importance. 

Since we found the life-span useful in 
discussing long periods of time, let us try 
the breath-of-life as a unit for short ones. 
It is a literal fact that, from now until eter- 
nity, no man on earth will ever be able to 
guarantee that he can breathe one thousand 
times before he dies by violence. A thousand 
breaths is not very many, and this large 
number applies only if one’s destruction is 
set in train by the most distant man on 
earth, for it corresponds to the flight-time 
of a ballistic missile for a range of 12,500 
miles, one-half the distance around the 
earth. It would be very difficult to build a 
missile which would take a longer flight- 
time, so we should not expect a lucky ex- 
tension on the thousand breaths. The 
people of the earth in general, and of the 
United States in particular, do not seem to 
be aware of this fact. It is difficult to com- 
prehend what will arouse them to an 
awareness of the situation as it really ex- 
ists. 

An inward look at our society reveals 
that it is rich in choices for the individual, 
in its physical environment, and in its or- 
ganization of men and machines for the 
creation of various forms of wealth. There 
are today many accomplishments of man 


that may rank, or even outrank, the steam 
engine and the lathe as key elements in the 
story of human technological develop- 
ment. Automation is but one concrete ex- 
ample of such a key element in the explo- 
sion of knowledge that is taking place. 

The electronic computer, for example, 
under intensive development only since 
World War II, already reaches speeds of 
tens of thousands of operations per second 
with high reliability, and may carry within 
its memory the instructions needed for an 
almost endlessly long and complex se- 
quence of operations. Furthermore, such a 
machine can be used to govern the be- 
havior of another machine. Thus, rather 
than use a costly special-purpose machine 
to do some part of a manufacturing proc- 
ess, one May use a more versatile machine 
controlled by a computer to do more of it. 
And, by changing the instructions in the 
computer, one may use the machine to- 
morrow to make a different product. The 
machine can perform elaborate operations 
as well as simple ones, and it is feasible to 
use it for quite short production runs—in 
fact, even to construct prototypes. Thus 
the impetus toward mechanization ts sud- 
denly ferocious. 

In certain activities that require brute 
power, machines have tended to reduce 
the need for unskilled workers. Similarly, 
in activities requiring simple repetitive 
work, machines have tended to reduce the 
need for semiskilled workers. Simulta- 
neously, the needs for professional and 
managerial skills—to improve the prod- 
uct, the plant, and the process—have in- 
creased, but not by a like amount. The 
machines of the immediate future will 
continue these trends but at an accelerated 
pace. Up until now the growth of new in- 
dustries has kept in fair pace with this 
mechanization, as well as with the natural 
increase of the labor force. It is not clear 
that this factor will always be able to 
achieve the happy result of balancing 
these two explosive forces; in fact, it is 
downright unlikely. 

An impressive picture of the potential 
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of the effect of automation on our society 
may be obtained from the following de- 
scriptive occupational profile: at the left 
end of the horizontal scale place those oc- 
cupations that depend upon the muscles 
as sources of power, and at the right end, 
professional occupations that demand 
training and versatility. Then choose as 
ordinates the percentages of the employed 
population engaged in the respective oc- 
cupations. Such profiles drawn at intervals 
of an occupational life-span, say every 
forty to fifty years, would emphasize an 
upward trend from left to right that is tak- 
ing place at a phenomenal rate. An at- 
tempt at extrapolation for only one occu- 
pational life-span (when the present school 
population will be nearing the end of their 
occupational careers) brings to light a pic- 
ture of alarming implications. 

New interpretations and uses of mathe- 
matics. One of the distinct and important 
factors contributing to the great explosion 
of knowledge which has been taking place 
during our life-span is the over-all revolu- 
tionary advance in the uses of mathemat- 
mathematicians have 
ideas, new 


ics. Theoretical 
more new 
theories, and new potential for great 
breakthroughs in all branches of science. 
The astonishing developments in the phys- 
ical sciences are continually creating de- 


never produced 


mands for new interpretations and uses of 
mathematics. Of possibly even greater sig- 
nificance in this revolution are the de- 
mands which are coming from new users of 
mathematics. 

The life sciences, the schools of business 
administration, and the social sciences are 
increasing their demands for the use of 
mathematical principles and techniques. 
The biologists are applying information 
theory to studies of inheritance; men from 
business and industry use the techniques 
of operations research in scheduling pro- 
duction and distribution; psychologists 
and sociologists make many uses of both 
the elementary and the more sophisticated 
properties of modern statistics; the an- 
alysts of human behavior are finding ma- 


jor assistance in the principles and proper- 
ties of game theory. The demands made by 
such important new uses and interpreta- 
tions of mathematics cannot be satisfied 
by the provisions of the classical programs 
that originally were dictated largely by the 
engineering schools.! In recent years the 
engineers also have broadened their con- 
cept of what constitutes an adequate back- 
ground in mathematics for a successful en- 
gineering career. 

This revolution in the interpretation of 
the role of mathematics as an important 
element of our social structure is closely 
related to the evolution of the electronic 
computing machine, but it is even more 
firmly woven into the fabric of our social 
order. The new-uses of mathematics place 
great emphasis on its basic structure and 
on its function as a language in terms of 
which theories and hypotheses can be pre- 
cisely formulated and tested. Rather than 
the manipulation of formulas and equa- 
tions, the measurement of configurations, 
and the performance of computations, the 
principal contribution of mathematics is 
fast becoming the construction of mathe- 
matical models of events, whether actual 
or hypothetical. Through the use of such 
models the obscuring details and unessen- 
tial trappings of problem situations can be 
removed so that the essential pattern can 
be displayed clearly for thoughtful an- 
alysis. The demands of our technological 
society tend not only to emphasize the 
need for a stronger foundation in the fun- 
damentals of mathematics but also to re- 
quire the reconsideration of the subject- 
matter content of this essential founda- 
tion. 

1 The “‘classical secondary program” has generally 
been considered to consist of two years of algebra, one 
year of plane geometry (strictly Euclidean), one se- 
mester of solid geometry, and one semester of trigo- 
nometry (primarily numerical). The ‘‘classical college 
program,”’ while not quite so easily defined, frequently 
may consist of three semester hours of college algebra 
(not at all of standardized uniform content), four to 
six semester hours of analytic geometry (plane and 
solid), and six to eight hours of calculus (differential 
and integral). In many regions of the United States 
trigonometry is transposed from the secondary to the 


college program; in other regions, the college program 
begins with analytic geometry or calculus. 
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The many new uses of mathematics not 
only have increased the demand for 
mathematicians, but have placed new em- 
phases on the type of training they need. 
Even the requirements for programs of 
“minimum essentials” in mathematics at 
different levels of attainment need to be 
subjected to critical reconsideration. This 
is true whether the evaluation is made in 
the context of the needs of the lay-user of 
mathematics or of the individual looking 
more specifically toward professional uses 
of mathematics. Thus we find that, fol- 
lowing a half-century of relative stability, 
the content of the mathematics program 
at all levels of instruction is now under- 
going a wide variety of changes. We speak 
of traditional and modern mathematics, 
and have erudite discussions on the extent 
and pace at which each should be devel- 
oped in our curricula. We are experiencing 
a rash of new courses involving a wide 
variety of combinations of old and new 
material. In the secondary field we have, 
at one extreme, courses whose main em- 
phasis is on topics such as group theory 
and the number system and, at the other 
extreme, courses in which the emphasis is 
in rushing through the classical topics so 
as to find time to include a year or more 
of traditional college mathematics. At the 
college level the variety of courses is even 
greater. 

Three important factors can be identi- 
fied in this mathematical revolution that is 
taking place: (1) the broad variety of 
mathematical models and situations in 
which they are employed; (2) an increas- 
ing recognition of and attempt to deal 
with the stochastic nature (7.e., the group 
behavior characteristics) of the world in 
which we live; and (3) the rapid develop- 
ment of the computing machine. 

Each of these factors has important im- 
plications for the mathematics teacher. 
The increased employment of mathemat- 
ical models brings into perspective the 
importance of the foundations of mathe- 
matics. There is a new urgency for helping 
the student obtain a sound understanding 


of such mathematical concepts as function 
and relation. Elementary set theory pro- 
vides the language for describing models. 
Indeed, a good case can be built for the 
thesis that set theory is the most uni- 
versally applicable part of mathematics. 
The recognition of the stochastic nature of 
our world results in an increasing pres- 
sure for early introduction of probability 
and statistics into the mathematics cur- 
riculum. The power of the computing ma- 
chine in solving linear equations has en- 
couraged the development of many linear 
models and thus places a new requirement 
for linear algebra in our elementary 
courses. Algebra now takes on importance 
in its own right, not just as something 
needed as an aid for manipulations in cal- 
culus. The computing machines have 
vastly increased the demand for mathe- 
maticians at all levels: coders, program- 
mers, and numerical analysts are in heavy 
and steadily increasing demand. 

The unprecedented demand for mathe- 
maticians, their need for a new and more 
intensive training program, and the basic 
mathematical requirements of our techno- 
logical age combine to pose a very difficult 
curriculum problem that demands the 
thoughtful attention of those whose con- 
cern it is to provide the most effective pro- 
gram in mathematics for our secondary 
schools. 

Mathematics programs in European coun- 
tries. There are several reasons why it is 
difficult to compare the mathematics pro- 
grams of European countries with that in 
the United States. The fundamental prin- 
ciples giving structure to the program of 
educational endeavor are quite different. 
One basic factor in the European philoso- 
phy is that the educational program 
should provide a sifting process that will 
allow only the very able in academic learn- 
ing to continue upward into advanced 
study. Another factor leads to basic dif- 
ferences in that part of the educational 
structure concerned with starting age, 
manner of teaching, length of study, and 
prescribed courses. (In European schools 
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there are no electives.) A third factor is 
earlier and greater specialization. A fourth 
factor is concerned with the training and 
selection of teachers, which is generally 
more severe in European countries than in 
the United States. 

Generally speaking, in Europe a pupil 
begins his secondary education at the end 
of the fourth or fifth grade, age ten or elev- 
en years. At this time he is one of the up- 
per 15 per cent to 30 per cent in academic 
ability—the other 85 per cent to 70 per 
cent continue an elementary program for 
several more years. The subject matter he 
studies from age ten to seventeen or eight- 
een is, in general, the same as that taught 
in our four-year high schools and the fresh- 
man college year. It is built, however, in a 
structure of a greater degree of difficulty, 
complexity, and application than in the 
corresponding programs in most sections 
of the United States. Also, algebra, ge- 
ometry, and arithmetic are pursued con- 
tinuously through three or four years and 
not organized in distinctly compartment- 
alized full-year programs. The European 
approach to trigonometry, analytic geom- 


etry, and calculus is likewise an integrated 


one. 

This highly selective intellectual pro- 
gram has resulted in two serious problems: 
(1) the lack of sufficient numbers of 
trained scientific and professional persons 
to carry on the demands of modern tech- 
nology; and (2) a rigorous classical treat- 
ment of mathematics that makes it very 
difficult to include any innovations, re- 
forms, or changes in the present program 
even though such changes are proving to 
be very desirable. The centralization of 
the school system and the standardization 
of courses by means of examinations also 
contribute heavily to the bringing about 
of this latter situation. 

Thus, the European countries are fac- 
ing problems in mathematics education 
quite similar to those we face in the United 
States, and, as yet, they have not ad- 
vanced as far as we have in getting at pos- 
sible solutions that have the potential of 


producing a better mathematics program. 
The Organization for European Economic 
Cooperation (O.E.E.C.) has recognized 
the seriousness of the problem and is seek- 
ing a way to introduce more modern no- 
tions into the secondary mathematics and 
science programs as well as to increase the 
number of pupils pursuing the program. 
To this end the O.E.E.C. has initiated a 
“Survey of Current Practices and Trends” 
in all of its participating countries, which 
include the United States. 

This survey will be followed by an In- 
ternational Seminar on modern mathe- 
matics and the implementation of the 
newer mathematics program into the pro- 
gram of the secondary schools. In this sem- 
inar, expression will be given to the com- 
bined thinking of leading mathematicians, 
educators, and teachers on what modern 
mathematics has to offer the secondary 
school and how teachers and curriculum 
planners can be helped to carry out the de- 
sired reforms. 

In general, Europe has a good program 
for the intellectually elite, but it has yet to 
solve the problem of creating a challenging 
program for a large number of able pupils 
who fail to get into the restricted elite 
group. In the United States we have a 
good program for the large mass of able 
pupils and are faced with the problem of 
developing a program for the elite. Neither 
group should lose the desirable character- 
istics of their respective education pro- 
grams. Each group must make the changes 
in the content and structure of its program 
necessary to put it in harmony with con- 
temporary mathematical thought and to 
shape it for significant challenge to all 
educable individuals and, in particular, to 
pupils with special mathematical aptitude. 

The formulation of objectives. What im- 
plications for change in our educational 
program are to be found in the explosive 
changes taking place in our society and in 
the revolutionary thinking about mathe- 
matics? How can we best prepare our chil- 
dren to meet the great problems and fun- 
damental uncertainties of the future? Is it 
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not a good idea to provide them with op- 
portunities to learn as much of the accu- 
mulated lore and wisdom of the race as they 
“an absorb and to spare no effort to en- 
courage them toward creativity? What 
criteria can be used as guides in selecting 
from the store of accumulated knowledge 
that which might be of most value to each 
child in future situations and roles, even 
those not presently within the child’s in- 
terest or intent? What is the role of mathe- 
matics in such a program? In shaping a 
pertinent mathematics program, how can 
we best resolve the conflicting claims of 
classical mathematics and the newer top- 
ics for places in the curriculum? Answers 
to such questions as these are of the great- 
est significance. ‘They should be sought 
only under the control and direction of a 
carefully constructed body of objectives of 
educational endeavor. 

Many efforts to formulate such a list of 
objectives produce unsatisfactory results 
because the nature of the task is not clear- 
ly understood. Some persons view the 
task primarily as one of securing a list of 
subject-matter concepts and _ abilities. 
This procedure usually produces a rather 
lengthy list of specifics, such as triangle, 
parallelogram, bisection of an angle, the 
quadratic formula, difference of two 
squares. Other persons view the task as be- 
ing primarily one of indicating certain 
types of desirable behavior, such as recall, 
understand, apply, appreciate, analyze, 
and reason logically. Such lists are usually 
rather short and fairly general. 

While each of these points of view can 
lead to the identification of essential ele- 
ments of a valid set of objectives, it can 
do no more than provide an incomplete 
guide to effective instruction. The task of 
setting up a truly significant list of ob- 
jectives involves not only the specification 
of behavioral elements but also the specifi- 
‘ation of subject concepts and abilities and 
the establishment of relations between the 

‘two sets of elements. 

There are three basic criteria that can 

be used as helpful guides in the formula- 


tion of an effective set of objectives. They 

are: 

1. The statement of an objective should indicate 
both the desired behavior and the type of situa- 
tion in which it ts to occur. 

. Objectives should be stated in terms of desired 
pupil behavior rather than teacher behavior. 

. Objectives should be formulated at a level of 
specificity such that for each objective it is pos- 
sible to infer some learning activity appropriate 
for helping pupils achieve it, and also such that 
it is possible to devise means of evaluating the 
achievement, but not to a greater degree of 
specificity. 

The first step in the process of selecting 
objectives is to secure a general description 
of the situation in which the objectives are 
to be operative. Ordinarily, the structural 
level—elementary, secondary, or higher 
education—will be specified, and, fre- 
quently, other initial restrictions will be 
imposed to identify the situation. The 
second step is that of securing a universe of 
tentative objectives from which valid se- 
lections can be made. For mathematics, 
this universe must include those objec- 
tives believed important by competent 
mathematicians. 

If the desired behaviors are used as the 
primary classification, objectives may be 
displayed in the familiar tabular form: 


Behavior Sample content 
(1) reeall (a) addition table for nat- 

ural numbers to 9+9 

(b) the rational approxima- 
tion of x to five signifi- 
cant digits (3.1416) 

(c) conversion factors for 
measurement systems; 
e.g., 3 ft. in 1 yard, 
5280 ft. in 1 mile, 2.54 
em. in 1 inch 
formulas; e.g., in the 
domain of complex num- 
bers if az*+bz+c=0, 
and a #0, then 


—b+ \ b? —4ac 
r= 
2a 
definitions; e.g., con- 
gruence, logarithm, re- 
ciprocal 


(2) understand (a) meaning of addition 
(b) concepts of rational and 
irrational number, ra- 

tional approximation 
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(c) role of standard units 
in measurement: utility 
of having units of dif- 
ferent magnitude in a 
system 
algebraic principles used 
in expressing az*+bz 
+c =0 in the form 


—b+/b?—4ac 
2a 


t= 


meaning of congruence, 

etc. 
The content lists associated with such 
behaviors as “recall,”’ “understand,”’ and 
are inevitably 


” 


“apply in new situations 
very long. It is in association with them 
that the bulk of the subject matter is 
specified in detail. In the case of most 
other objectives the content may be ex- 
pressed in much more general terms. Con- 
sider, for example, the objectives in which 
the behavior is “to be interested in” or “‘to 
appreciate.”’ For such objectives it is often 
sufficient to indicate broad categories of 
content. 

Similarly, the fundamental objectives 
relating to problem solving, to be useful, 
must have the behavior specified in some 
detail. One such specification is the follow- 
ing: The student should be able to: 

1. Recognize and formulate mathematical prob- 
lems. 

Collect and organize data relevant to the solu- 

tion of problems. 

Analyze and interpret data relevant to the 
solution of problems. 
. Obtain and verify solutions to problems. 

Kach of these behaviors can, of course, 
be defined more specifically. When this is 
done, such terms as “analyze” and “inter- 
pret”’ are seen to cover, or call for, mathe- 
matical concepts and methods, and many 
of the manipulative techniques are sub- 
sumed. In similar fashion, the more spe- 
cific behaviors that are involved in both 
inductive and deductive reasoning are in- 
cluded. A complete specification calls for 
the listing of numerous relevant logical 
concepts and principles, and thus these 
become an essential part of the content. 

At the same time, we note that it is un- 
necessary, and even undesirable, to at- 


tempt any specific listing of the problems 
to which these behaviors are to be applied. 
Any mathematical problem the students 
can recognize as a problem and formulate 
(or understand as a given formulation) is 
admissible. 

This discussion has included only inci- 
dental mention of a kind of objective 
which in the past has dominated most 
lists. This objective may be defined as 
“the ability to operate with mathematical 
objects.” When analyzed more specifically 
this includes the ability to add, subtract, 
and perform various other operations with 
numbers, vectors, sets, and other objects 
of mathematical thought. Normally, the 
behavior expected often includes skilled 
performance (speed and accuracy) as well 
as the mere ability to get the task accom- 
plished. If the ability is to be accompanied 
by understanding, the relevant basic con- 
cepts and principles must be included in 
the subject-matter and applied to the op- 
eration. The commutative, associative, 
and distributive “laws’’ are important ex- 
amples of such principles. 

The general principles suggested above 
are designed to help local committees se- 
lect sets of objectives that are valid for 
their particular situations. Although it is 
impossible to give here a comprehensive 
list of objectives that could be adopted as 
appropriate to varying local situations, we 
can indicate very briefly some notable re- 
adjustments in emphasis that are now oc- 
curring. 

First, objectives that call for under- 
standing of concepts and principles are be- 
ing emphasized now more than ever be- 
fore. As a result, there is relatively less em- 
phasis on the objectives that call for the 
ability to recall items from extensive lists 
of information, and for skill in a wide 
variety of manipulative techniques. It is 
being widely recognized that a better bal- 
ance of emphasis on these different types 
of behavior is long overdue. 

Moreover, the sorts of concepts now be- 
ing stressed are different. In the past many 
teachers have worked hard to get students 
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to “understand the vocabulary of second- 
ary mathematics.” Highly specific terms 
such as coefficient, quadrilateral, and con- 
verse have been defined and students have 
been “drilled” in stating the definitions. 
Today, there is increasing concern with a 
broader type of concept indicated by such 
terms as structure, relation, and mathema- 
tical system. The scope of the objective 
“understand important concepts” has 
thus been extended. When this objective is 
achieved, its impact on the total program 
is great, for these broader concepts serve 
to bring together a host of details and en- 
able the student to see mathematics in an 
entirely different light. 

Second, the content or subject-matter 
aspect of the objectives is being broad- 
ened and generalized by giving explicit at- 
tention to concepts which have up to now 
been implicit, “incidental,” or largely ig- 


nored. Prominent among these are the 


concepts of set (and numerous associated 
ideas, such as “‘solution set of a sentence’’), 


certain concepts and principles of logic, 
and the analytical properties of the trigo- 
nometric functions. Topics from analyti- 
cal geometry and statistics, and other 
topics mentioned in later sections of this 
report, are recommended authoritatively 
for inclusion in the universe of objectives. 

Third, there is much more emphasis up- 
on giving students certain types of learn- 
ing experiences that serve not only to en- 
hance their understanding of mathema- 
tics, but also to enliven their interests and 
increase their appreciation. Experiences 
that lead to “discovery” of mathematical 
properties and relations are highly favored 
for this purpose. It should be noted that 
what is sought are certain desirable be- 
havioral characteristics that are suggested 
but not adequately specified by such 
broad behavioral terms as discover, be in- 
terested in, appreciate. Such phrases as 
“wants more mathematics” and “wants to 
know more about mathematics” bring the 
nature of the objective into the open. 

For many teachers of mathematics the 
most urgent immediate need is to become 


familiar with the concepts and content of 
the types suggested above, and with ways 
of teaching that elicit the desirable be- 
haviors indicated. Then, and not until 
then, will they be in a position to’ formu- 
late objectives that are valid when judged 
in terms of any reasonably comprehensive 
set of criteria. 
THE CONTENT OF THE CURRICULUM 

Implications of contemporary mathema- 
tics. One of the major problems in the im- 
provement of the mathematics program in 
the secondary schools centers around the 
nature of mathematical thought in these 
grades. What are the implications of con- 
temporary mathematics for the structure 
of the program for grades seven through 
twelve? What part should “modern math- 
ematics” play in determining the objec- 
tives of the program, and in what way? 

“Modern mathematics” for secondary 
schools is composed partially of new points 
of view toward traditional topics and 
partially of the replacement of a few tradi- 
tional topics by new ones. The new points 
of view and the new topics make it possible 
to show the interrelations and extensions 
of the old topics. When there is a basis of 
concrete experience, abstraction not only 
adds insight to the experience but also 
shows gradually where the topics of 
mathematics fit into a unified whole. For 
example, instead of studying first plane 
geometry and then solid geometry, we 
study “geometry” with special emphasis 
upon the plane. 

Mathematical systems are man-made. 
They evolve as models for the representa- 
tion and interpretation of the physical uni- 
verse. Thus, the physical universe pro- 
vides a basis for pupil discovery and un- 
derstanding of mathematical systems. At 
all levels of instruction more emphasis 
should be placed upon pupil discovery and 
reasoning, reinforced by greater precision 
of expression. For example, distinctions 
should be made between the operation 
and the quality of a number 
“region” on a 


‘‘minus”’ 
“cc rr OP 7 
negative’; between a 
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plane and its “area”; between “radical’”’ 
and “square root”; between any object 
and a name for that object; between 


“number” and “numeral” (a symbol for a 
number); between “precision” as indi- 
cated by the size of the smallest unit used 
in a measurement and “accuracy” as 
crudely indicated by the number of sig- 
nificant digits required in expressing a 
measurement. In all cases the develop- 
ment should occur as early as is compati- 
ble with the knowledge and preparation of 
both the teacher and the pupil. 

New mathematical concepts should not 
be isolated as separate units. Rather they 
should be woven into the whole fabric of 
the curriculum. A few concepts will be 
mentioned briefly to illustrate the unifica- 
tion of old and new topics. 

Sers: The concept of set can be used ad- 
vantageously at all levels. EKlementary- 
school teachers now use sets to develop 
number concepts; most secondary-school 
teachers should make still more effective 
use of sets as they extend these number 
concepts. At the elementary-school level 
the pupil views a set as a collection of ele- 
ments, such as the birds pictured on a cer- 
tain page of his text, the pencils in his 
hand, the members of his immediate fam- 
ily. In each case he can identify whether or 
not any specified element is a member of 
the set under consideration. This concept 
of a set and the members of a set suffices 
for many of the uses of sets in secondary- 
school mathematics. It also provides a 
basis for the two special sets and the two 
operations on sets that contribute most to 
the study of secondary-school mathema- 
tics. The two special sets are the empty 
set (sometimes called the null set), which 
has no elements, and the universal set, 
which contains all elements under consid- 
eration. The two operations with sets are 
union (giving rise to the set of elements 
that belong to at least one of two or more 
given sets) and intersection (giving rise to 
the set of elements that belong to all of the 
given sets). These concepts can be, and in 
many junior and senior high schools are 
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being, used very advantageously. The 
formal theory of sets is not appropriate 
for secondary schools except perhaps in 
the twelfth grade. The language and basic 
ideas of sets can be used advantageously 
at all levels of instruction. 

EQUATIONS AND INEQUALITIES: State- 
ments of equality and inequality should 
be treated in juxtaposition. The use of sets 
as a unifying concept is illustrated by the 
following classification of equations in one 
variable. Briefly, an equation is a state- 
ment that two expressions, upon replace- 
ment of the variable by a numeral, repre- 
sent the same number. The truth of an 
equation in one variable depends upon the 
value of the variable. Thus +3 = 5 is true 
when x=2; false when x=3. The set of all 
possible values of the variable (usually the 
positive numbers, the rational numbers, 
the real numbers, or the complex numbers) 
is the domain of the variable. 

The concept of solution set (the set of 
values of the variable for which a state- 
ment is true) is very helpful in any discus- 
sion of equations. An equation in z is an 
identical equation (identity) if it is true for 
all permissible values of z. It is a condi- 
tional equation if there are values of z, in 
its prescribed domain, for which the equa- 
tion is not true. The solution set of a con- 
ditional equation may be of three types: 
(1) it may contain an infinite number of 
verifiable elements, (2) it may contain a 
finite number, or (3) it may be the null set. 
For example, if the domain of z is the set of 
real numbers, the equation 1+2=2+1 is 
an identity; the solution set for sin x=] 
contains an infinite number of elements as 
does that for z°=1; the solution set of 
xz+3=5 is {2}, and of z?—x—6=0, it is 
{—2, 3}; and the null set is the solution 
set of 2?+1=0. 

The concept of a solution set is particu- 
larly useful when considering inequalities 
and simultaneous statements of equality 
and/or inequality. As an illustration con- 
sider the variables xz and y, the domain of 
sach being the set of all real numbers. The 
solution set of the equation 27+y=8 





Figure 1 


would be the set of all number pairs which 
are co-ordinates of points of the line 
labeled “22-+y=8” in Figure 1. An easily 
recognized subset of this solution set, 
{(0, 8), (3, 2), (4, 0)}, is indicated in the 
graph. Similarly, the solution set, and an 
easily recognized subset, | (0, —1), (1, 0), 
(3, 2)}, of the equation x—y=1 is indi- 
cated. When these two equations are con- 
sidered simultaneously the solution set is 
the intersection of the two previously 
mentioned solution sets. It consists of a 
set with one element, {(3, 2)}. 

Now consider the inequality 2x+y>8. 
The graph of its solution set is the portion 
of the plane indicated by the vertical-line 
shading. Similarly, the graph of the solu- 
tion set of the inequality z—y>1 is the 
portion of the plane indicated by the hori- 
zontal-line shading. When these two 
inequalities are considered simultaneously, 
the graph of the solution set is the portion 
of the plane indicated by the crosshatch- 
ing. 

The solution set of the simultaneous 
equations is a finite set consisting of the 
one element (3, 2). All other solution sets 
mentioned in this illustration are infinite 
sets and the graph is, in each case, an 
incomplete graph used merely as a helpful 
representation of the true graph. 


Properties: The contemporary empha- 
sis upon mathematical models requires 
that operations and their properties be 
stressed at all levels. Each of the operations 
of arithmetic—addition, subtraction, mul-, 
tiplication, and division—should be con- 
sidered as associating a number with two 
numbers given in a specified order. The 
existence of the sums, differences, prod- 
ucts, and quotients indicates the closure 
of the set of numbers involved under the 
operation used. For example, some quo- 
tients of integers are integers; some are 
not. The set of integers is not closed under 
division. The set of positive rational num- 
bers is closed under division since the quo- 
tient of any two positive rational numbers 
is a positive rational number. The closure 
of each set of numbers (positive integers, 
positive rational numbers, integers, ra- 
tional numbers, real numbers, complex 
numbers) should be considered informally 
at first, formally in the upper grades. 

Each of the operations of arithmetic is 
concerned with two numbers given in a 
certain order. The commutative properties 
for addition and multiplication state that 
the order of the two numbers is unimpor- 
tant in addition and multiplication. 


a+b=b+a; 


The order of the given numbers is im- 
portant in subtraction and division, Le., 
a—b and b—a are not necessarily equal; 
a+b and b+a are not necessarily equal. 

Many elementary school pupils learn 
families of number facts, such as 


3+4+2=5, 5-2=3, 
24+3=5, 5-3=2 


ab = ba. 


and 

3X2=6, 

2X3 =6, 
Notice this practical use of the commuta- 
tive properties for addition and multipli- 


cation. Notice also the relationship be- 
tween addition and subtraction, 


(a+b) —b=a, 
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and the relationship between multiplica- 


tion and division, 


(aXb) +b=a, (b#0). 


Addition and subtraction are called in- 
verse operations; multiplication and di- 
vision are also inverse operations. The 


emphasis upon this relationship should be 
extended in the upper grades to include 
finding powers and roots of numbers and 


also finding logarithms and numbers 
having given logarithms. 

The closure, commutative, associative, 
and distributive properties of numbers are 
dealt with informally in the elementary 
grades. These properties should be given 
more explicit and formal treatment begin- 
ning with grade seven, and algebra should 
not be taught without giving them explicit 
attention. The ideas should come before 
the terms, but if the reason for the sepa- 
rate terms is made clear, early introduc- 
tion should be possible. In fact, through- 
out mathematics in the schools, where one 
can be precise in the vernacular without 
the use of technical terms, such terms 
should not be introduced; where techni- 
cal terms are necessary they should be 
brought in without fear. 

Loatc: The use of reasons for statements 
should be common at all levels. Definitions 
and assumptions are as important in alge- 
bra as in geometry. Equation axioms and 
inequality axioms should be stressed. 

Clear thinking is essential at all levels; 
formal proofs are for mature pupils. While 
a course in formal logic is out of place in 
the secondary-school curriculum, logic 
should be taught appropriate 
throughout the period of training in math- 
ematics. The students should become ac- 
quainted early with the meaning of “im- 
” “Inverse” 


where 


plies” and of the “converse, 
(sometimes called “‘negation’’), and ‘‘con- 
trapositive’’ of a simple theorem. 

Uses or sets: Here is a brief outline 
which shows in sequential fashion how 
some of the terminology of sets might be 
woven into certain traditional material, 
and how this, in turn, could lead into 


. 
X= ft 2,3,4} 


Figure 2 


selected topics not usually appearing in 
the curriculum. As given, this would 
probably be inappropriate for junior high 
school, but if the teacher has some famili- 
arity with such a development he could 
use some of these ideas, perhaps without 
all of the terminology, in his introduction 
of material. 

First, the ideas of a set, union and inter- 
section of two sets, the null set, and sub- 
sets could be illustrated by examples both 
mathematical and nonmathematical in 
nature. These illustrations would include 
from mathematics: 


S,=the set of all integers, 
S,=the set of rational numbers, and 
Sr=the set of real numbers. 


The set S; is a subset of S, since each ele- 
ment of S;isan element of S,. The set S,is 
a subset of Spr; Sr is also a subset of Sp. 
Then one might consider the set P,; of 
all ordered number pairs (x, y) where x 
and y represent integers (positive, nega- 
tive, and zero), i.e., x and y are in S;. The 
fact that the pairs are ordered means, for 
instance, that the pair (2, 3) is considered 
to be different from the pair (3, 2). There 
is a one-to-one correspondence between 
the set P; and the intersections of the lines 
on a sheet of graph paper when each square 
has side one unit in length. The intersec- 
tions are called “lattice points’ and consti- 
tute the graph of P;. For example, if z and 
y represent only positive integers less than 
5, then the graph would be the intersection 
of the two sets X={1, 2, 3, 4} and 
Y = }1, 2,3, 4}, represented by the sixteen 
lattice points of Figure 2. One might also 
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consider the set P, of ordered pairs (z, y) 
where x and y may represent any rational 
numbers; or the set Pe of ordered pairs of 
real numbers. The solution sets of the 
equations 2x+y=8 and x—y=1 and their 
companion inequalities, discussed above, 
were all subsets of Pr. Also, since the sym- 
bol a+bi, where a and b are elements of 
the set Se, represents all complex numbers, 
there is a one-to-one correspondence be- 
tween the elements of the set of all complex 
numbers and the elements of the set Pr. 

Important subsets of each of the sets 
P,, P,, and Pr may be obtained by re- 
stricting x and y by means of relationships. 
If the restriction is such that no two dis- 
tinct pairs (x, y) have the same z, we have 
what is called a “function” of x. For ex- 
ample, if the restriction is 2?=y, the set of 
ordered pairs (z, y) satisfying this restric- 
tion define a function (even though two 
pairs having different zx’s may have the 
same y); if the restriction is z*+-y?=5, the 
relationship is not a function of x since the 
pairs (1, 2) and (1, —2) belong to the set 
and have the same first element. 

Such a set of ordered pairs might have a 
finite number of pairs, e.g., it might con- 
sist of four pairs: (1, 4), (2, 3), (3, 2), 
(4, 1)—all the pairs of positive integers 
whose sum is 5; e.g., all the ways of having 
five coins consisting of cents and quarters 
containing at least one of each kind. The 
graph would consist of four points. 

Such a set might have an infinite num- 
ber of pairs. One example would be 


F,: (x, y) where x and y are integers whose 
algebraic sum is 5. 

The graph would consist of all lattice 

points on the line through (0, 5) and (5, 0). 

F, is a subset of Pr. One might also con- 

sider 


F.: (x, y) where x+y=5 and z and y are 
rational numbers. 


(The brighter student might want to con- 

sider how close together these points might 

be on the line.) F2 is a subset of P,. 
Another set would be 


Fs: (x, y) where z and y are integers satis- 
fying the equation 42?=y. 


Here F; would have no pairs whose second 
element is 5 or 9 or any negative number. 
What is its graph? Fi, F2, and F; are all 
examples of functions. These sets still re- 
tain the property of being functions even 
if the only restriction on z and y is that 
they be real. Other sets would be con- 
cerned with inequalities, like z+y35 or 
4x*<y. These are relations, not functions. 

Other sets of number pairs are associ- 
ated with simultaneous equations. For in- 
stance, consider F; above with 


Fs: (x, y) with x and y integers for which 
r+3y= 13. 


The pair (1, 4) is the intersection of the 
sets F, and F; and its graph is the inter- 
section of the graphs of F, and F;. How- 
ever, if we have 


Fe: (x, y) with x and y integers for which 
z+3y= 14, 


there is no intersection of F; and F,, i.e., 
the intersection is the null set. But if F; is 
the set determined by the equation for 
F, in which z and y are only restricted to 
be rational, then F; and F2 have the inter- 
section (4, $). On the other hand, if Fs is 
the set for which z+y=7, this set has no 
intersection with the set for which x+y =5, 
no matter what kinds of numbers z and y 
are. Why? Simultaneous inequalities with 
similar restrictions could be considered as 
well. 

What is a method of finding the inter- 
section of two sets of number pairs? Con- 
sider 


F,: (x, y) where x and y are rational num- 
bers for which 2+y=5; 

Fy: (x, y) where x and y are rational num- 

bers for which 7+3y=13. 


We want a pair or pairs (a, b) that satisfy 
both. This may be thought of as seeking 
two sets: one for which x=a and one for 
which y=b that have the same points in 
common as F; and F’>. Geometrically this 
means that we are seeking a horizontal and 
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a vertical line which pass through the 
intersections of Ff, and F%. 

How can we represent the set of lines 
which pass through the intersection of F2 
and F,? We may show that 


(1) (a+y—5)+e(4+3y—13) =0 


defines, for each constant c, a set of points 
whose graph is a line through the intersec- 
tion of the graphs of F: and F». We then 
want to choose a c so that the graph of (1) 
is a horizontal line, i.e., so that (1) is free 
of xz. This may be done by taking c= —1 
which gives y=4. Similarly one may 
eliminate y by taking c= —4. Actually 
there would be more symmetry of treat- 
ment if (1) were replaced by d(z+y—5) 
+c(x+3y—13)=0 and ¢ and d chosen 
correspondingly. 

Similarly, if we have F, and F; above, 
we might consider 


(2) (2+y—5)+c(42?—y) =0. 


Here c=1 eliminates y and gives 4x*+2 
—5=0, ie., c=1 or r= —5/4. We cannot 
choose a constant c that will eliminate z, 
but we can find the intersection of x=1 
with z+y—5=0 that must pass through 
the intersection of F; and F;. The y turns 
out to be 4. Similarly it may be found that 
when z= —5/4, y=25/4. Although (—5/4, 
25/4) belongs to the set of ordered pairs 
which is the solution set of the two equa- 
tions z+y=5 and 42?=y, it is not an ele- 
ment of the intersection of sets Fz and F3. 
The intersection set of these two sets is 
{(1, 4)}. 

OTHER NEW Topics: Directed numbers 
correspond to vectors on a number line; 
complex numbers correspond to vectors on 
a plane. Vectors are also appropriate in 
geometry; trigonometry may well be in- 
troduced in connection with many differ- 
ent topics, including the geometry of the 
sphere. 

Elementary notions of statistics are 
appropriate for junior high school; infer- 
ential statistics and probability are suit- 
able for the twelfth grade. 

All students should receive an oppor- 


tunity for contact with some of the newer 
mathematical approaches. (Certainly the 
old approaches are not working too well 
for below-average students.) We do not 
yet have enough experience to say where each 
topic and idea should be introduced nor even 
just what topics are most appropriate. This 
is a problem which calls for careful study 
and experimentation. A teacher experi- 
enced with these topics and ideas will be 
able to capitalize on opportunities as they 
occur and he should be free to do so. It is 
more important that fundamental ideas 
and basic techniques be well understocd 
than that high levels of advanced compu- 
tational ability be developed at the second- 
ary level. 

Topics that could be eliminated are ex- 
tensive and tricky factoring, simultaneous 
quadratics, involved and spurious frac- 
tions, most of business mathematics, ex- 
tensive computational problems in algebra 
and geometry. Word problems are useful 
for their training in translation to and 
from mathematical symbolism, but there 
is no point in training in techniques for 
solving by type. Though some logarithmic 
computation should be retained so that 
students may feel at home with it, in- 
volved solutions of triangles should be 
reduced. Logarithms are most important 
for their connection with exponents and, 
therefore, are primarily algebraic in na- 
ture. Formal synthetic proof in geometry 
can easily be overdone. Though a student 
should be able to produce on demand a 
reason for each statement, endless repeti- 
tion of, for instance, “two things equal to 
the same thing are equal to each other’ 
or “side-angle-side”’ are out of place. Also, 
wherever other tools, like algebra, make a 
proof easier, they should be considered. 

The treatment of topics, new and old, 
in grades seven, eight, and nine is consid- 
ered in the next section, and in geometry, 
in the following section. At all levels of 
instruction and in all areas of subject mat- 
ter such treatment must be entirely 
within the context of the background of 
both teacher and pupil. 
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Mathematics for grades seven, eight, and 
nine. The mathematics program for these 
three grades has given concern for a good 
many years. Many believe that the mathe- 
matics curriculum, in grades seven and 
eight especially, is inadequate to meet 
modern needs. It is often stated that lack 
of interest in mathematics and science in 
senior high school and college may be due 
largely to unsatisfying experiences in the 
junior high school. 

In grades seven and eight much of the 
time is given to so-called social applica- 
tions, some of which seem inappropriate 
at this level. Few new mathematical 
ideas are introduced. Teachers often re- 
port that the traditional courses at this 
level offer little challenge to the upper 50 
per cent of the pupils, and that review and 
maintenance provided for the lower 50 per 
cent usually serve only to deaden their 
interest because emphasis is usually on 
drill, with little provision for bringing out 
deeper insight and understanding. New 
programs in mathematics for these grades 
seek to give basic instruction for all in the 
fundamental skills, concepts, and princi- 
ples of arithmetic, supplemented by signifi- 
cant topics from algebra and geometry. 
Provision for upper 50 per cent is sought 
through enrichment of understanding as 
well as acceleration of accomplishment. 

Studies by Piaget support the belief 
that boys and girls twelve years of age are 
able to work with mathematical ideas at a 
considerably higher level of abstraction 
than is characteristic of traditional mathe- 
matics courses in grades seven and eight 
in this country. A recent study at the 
University of Wisconsin indicates that 
basic principles of number relations and 
operations and use of “‘if-then’” state- 
ments (as traditionally taught in plane 
geometry of grade ten) were taught suc- 
cessfully, with some degree of abstraction, 
to eighth-grade pupils involved in the in- 
vestigation. 

In 1958 the Commission on Mathe- 
matics of the College Entrance Examina- 
tion Board published a small brochure, 


The Mathematics of the Seventh and Eighth 
Grades, in which is listed what the Com- 
mission believes to be essential in the 
foundation for the Commission’s high 
school program for all college-capable stu- 
dents. This list is probably the best cur- 
rent statement of appropriate content for 
the mathematics of grades seven and eight. 

As a part of the University of Mary- 
land Mathematics Project (Junior High 
School), UMMapP, started in the fall of 
1957, forty-three teachers, most of whom 
are in the Washington, D. C., area, have 
been teaching an experimental seventh- 
grade course during the school year 1958— 
59. As a result of this experience the 
seventh-grade course will be revised and 
an eighth-grade course will be prepared for 
use in these same and other schools. It 
should be understood that this is an ‘‘ex- 
periment” and that one of the major con- 
cerns is to try to determine if certain 
concepts can be successfully taught at this 
grade level. 

During the summer of 1958 the School 
Mathematics Study Group (SMSG) began 
its program by convening in writing ses- 
sion a group of forty research mathema- 
ticians and teachers of secondary mathe- 
matics. As a part of their program some 
fourteen ‘experimental’? units were pre- 
pared for tryout in grades seven and 
eight in twelve educational centers across 
the United States. These tryouts are con- 
sidered essential to the preparation of 
sample textbooks for these grades. It is 
reasonable to expect that these sample 
texts will contribute materially to the 
structure of the mathematics program of 
grades seven and eight, and that the con- 
cepts to be developed in these texts will 
influence strongly the development of the 
junior-high-school mathematics curricu- 
lum of the future. 

Units on such topics as nondecimal nu- 
meration, factoring and primes, nonmetric 
geometry, averages, finite systems, ap- 
proximations, and chance are included in 
the SMSG experimental materials for 
grades seven and eight and in the UMMaP 
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seventh-grade course. Neither group, at 
this time, proposes that these topics 
should be included in the courses for these 
grades, but these concepts are among 
those mentioned as important in the total 
mathematics curriculum by all, or nearly 
all, of the current curriculum study groups. 

The Commission on Mathematics has 
made detailed recommendations recently 
on the mathematics of grade nine for 
college-capable students. These recom- 
mendations should have a profound influ- 
ence on the traditional first-year algebra 
course, and all junior high school mathe- 
matics teachers are urged to give them 
careful study. The work of the University 
of Illinois Committee on School Mathe- 
matics has received wide recognition. The 
course for grade nine has been tried out in 
quite a number of schools and has served 
as the basis of in-service study for many 
teachers. 

There are some who recommend that 
the current, rather widespread, practice 
of offering both general mathematics and 
algebra in grade nine should be discour- 
aged in favor of teaching the regular first- 
year algebra more slowly for the slower 
group and providing opportunity for indi- 
vidual excursions into deeper understand- 
ing for the gifted. There are others who 
feel that such a program would in no sense 
make proper curricular adjustments for 
the slow-learning pupil. There are still 
others who argue that first-year algebra 
should be placed in the eighth grade with 
a corresponding step-up in the program 
of subsequent grades. These facts lend 
support to the statement that, at this level 
of instruction, the adjustment of subject 
matter and teaching techniques to varying 
levels of pupil ability is a problem which 
demands careful study and experimenta- 
tion. 

How geometry should be introduced and 
developed. Those who teach geometry in 
our schools should be assured that they 
are making a vital contribution to the 
education of their pupils. Synthetic plane 
geometry taught from a suitable text by a 


competent teacher provides magnificent 
opportunities for bringing to life in the 
minds of the pupils latent powers of analy- 
sis, insight, and reasoning. No other math- 
ematics course contains such a wealth of 
nontrivial original exercises of all degrees 
of difficulty. Pupils have the experience 
first of proving fairly simple (almost im- 
mediate) consequences of various theo- 
rems, and later of solving more sophisti- 
cated originals based on a more miscel- 
laneous set of theorems. The solving of 
such originals will involve considerable 
thought, trial-and-error experience, and a 
gradual development of an awareness of 
essential needs. When a pupil has, after 
considerable effort, solved any original of 
the more challenging type, he has gained 
a great victory. The experience can make a 
significant contribution toward the in- 
crease of his power over any situation, 
mathematical or otherwise, requiring sus- 
tained and creative thinking. 

It is the considered opinion of this com- 
mittee that elements of geometry should 
be taught throughout the secondary se- 
quence (grades seven to twelve) and that 
one year should be devoted to synthetic 
geometry with particular emphasis on the 
geometry of the plane. This does not imply 
any desire to minimize the importance of 
co-ordinate geometry. Indeed, the study 
of co-ordinate systems should permeate 
the entire secondary sequence, beginning 
with the idea of a one-to-one correspond- 
ence between numbers and points on a line 
in grade seven. The year devoted to syn- 
thetic geometry should be no exception. 
For example, it is instructive to extend the 
study of loci to the co-ordinate plane. The 
student can profitably consider sets of 
points whose co-ordinates (xz, y) satisfy 
such conditions as: 22+3y =7; x?+y?>25; 
y>zx*—x—6; |z—y| <7, ete. It is also de- 
sirable to use analytic methods, on occa- 
sion, to provide alternative proofs for cer- 
tain theorems which have been proved 
synthetically. Such proofs give pupils con- 
fidence in their ability to use analytic 
methods. 
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During the year course some teachers 
with superior classes may find it possible 
to include a considerable amount of solid 
geometry along with the plane geometry 
without sacrificing the essential values of 
the latter. Indeed, some references to 
space geometry do much to enhance the 
pupils’ understanding of relations that 
were first considered in the plane. The 
first consideration should be the presen- 
tation of a thorough course in plane 
geometry in which pupils receive intensive 
training in the solution of a large number 
of miscellaneous problems. In this situa- 
tion the pupil needs time for contempla- 
tion, time for the formulation of conjec- 
tures, and time to test these conjectures 
for consistency with known facts. On the 
other hand, there is no point in pursuing 
an endless elaboration of originals that are 
confined to the plane. At some point dur- 
ing the year the good student will find it 
both natural and profitable to consider 
solid geometry in a systematic manner and 
not merely as counterpoint for plane 
geometry. 

The amount of solid geometry to be 
included must be determined by the 
teacher. It will depend, among other 
things, on the ability of the class and on 
the nature and extent of the instruction 
given in previous grades. In any case, 
no effort should be made to cover a pre- 
determined amount of solid geometry if it 
becomes apparent that the time available 
is insufficient for a given class. Such 
forced acceleration is deleterious and com- 
pletely foreign to the spirit which should 


prevail in a mathematics classroom. More- 


solid 


over, the necessary elements of 
geometry can be woven into other parts of 
the curriculum. 

After a careful analysis of the content of 
solid geometry, this committee is inclined 
to agree with the widely held view that it 
is neither necessary nor desirable to devote 
a full semester to deductive solid geome- 
try. It is not necessary because most of the 
area and volume formulas for prisms, pyra- 
mids, cylinders, cones, and spheres are 


considered first in grades seven and eight, 
and repeatedly applied in grades nine and 
ten. This should be true also for such basic 
concepts as those pertaining to lines and 
planes in space; dihedral, trihedral, and 
polyhedral angles; and polyhedral forms. 
Such concepts as these now are presented, 
usually for the first time, at the beginning 
of the semester course in solid geometry. 

These concepts should be used as a basis 
for exercises in drawing in grades seven 
and eight, and the understanding thus ac- 
quired should be maintained and extended 
by suitably chosen problems requiring 
drawing and three-dimensional analysis in 
grades nine through twelve. Some of the 
material on the geometry of the sphere 
can be presented in connection with cer- 
tain topics in trigonometry if it has not 
been considered earlier. 

The conclusion that a full semester of 
deductive solid geometry is not desirable 
rests on two opinions, which represent the 
consensus of this committee. First, solid 
geometry is not a good place to study de- 
ductive proof. Many of the proofs tend 
to be long and cumbersome and their 
presentation does little to enhance the 
understanding of deductive methods that 
the pupil gained in plane geometry. Sec- 
ond, on the basis of relative values, de- 
ductive solid geometry is not worth a full 
semester of the pupil’s time. 

A college-preparatory program is pre- 
sented below for grades nine through 
twelve. The principal feature of this pro- 
gram is that it provides opportunity for a 
varied program in grade twelve by absorb- 
ing solid geometry into other parts of the 
program. 

Ninth grade—algebra 

Tenth grade—geometry (plane with some 

solid) 

Eleventh grade—algebra, trigonometry 

Twelfth grade—any two of the following se- 
mester courses: probability 
and statistics; analytic geom- 
etry; mathematical analysis 
based on a study of functions 
(algebraic, trigonometric, ex- 
ponential, and logarithmic) 


Some schools might find desir- 
able a strong course in analytic 


The Secondary Mathematics Curriculum 405 





geometry and calculus as 
preparation for the Advanced 
Placement examinations. 


The view that the elements of geometry 
should be taught throughout the second- 
ary sequence requires fuller explanation. 
Before we consider what elements should 
be taught at each level we wish to call 
attention to two principles which we be- 
lieve to be valid. 

1. The learning experiences in geometry that 
precede the one-year course should be valu- 


able in themselves and not solely as prerequis- 
ites for the deductive geometry that is to 


Concepts: Application of set language to 
geometry; the set of points on a line, the 
set of lines on a point, the set of lines on a 
plane, the set of planes on a line, inter- 
section of two sets; one-to-one corre- 
spondence; simple locus problems in two 
and three dimensions; congruence, ratio, 
similarity, concurrence of lines, col- 
linearity of points; ‘‘inside’”’ and ‘“‘out- 
side’ of a closed curve; the “‘if-then’’ 
form of a statement; exercises which are 
“‘open-ended” in the sense that the pupil 
is given a certain set of data or a certain 
drawing and asked to draw as many 
conclusions as he can. 


The above material might well constitute 


follow. We must remember that we are con- 
cerned with the education of all youth, not 
merely those who are college-capable. This 
consideration is particularly important in 
grades seven and eight. In these grades there 
must be provided a program of instruction 
that is appropriate for pupils whose future 
study of geometry must be confined largely 
to its applications, as well as one that is ap- 
propriate for those who will later study 
geometry as a deductive system. 

. Those learning experiences that are designed 
as preparation for deductive geometry should 
not require any great amount of verbaliza- 
tion of theorems that are to be proved later 
in the formal course. The time can be em- 
ployed to better advantage in developing 
certain concepts that provide a foundation 
for the subsequent study of deductive proof. 
In cases where it is necessary to deal with 
statements pertaining to congruence, similar- 
ity, relations between the sides of a right tri- 
angle, etc., there should be constant emphasis 
on the difference between proof and experi- 
mental verification. 


The following elements of geometry are 
regarded as appropriate at the various 


grade levels: 
Grades seven and eight—(the introduction or 
observation stage): 


Drawing, both freehand and with straight- 
edge and compass 

Drawings that represent three-dimensional 
objects 

Perspective drawing 

Conjectures based on inductive and intuitive 
reasoning 

Use of measuring instruments, ruler and 
protractor 

Recognition of the fact that all measures are 
approximate 

Relative error, distinction between precision 
and accuracy 

Experiments designed to test conjectures 
about the areas and volumes of certain 
solids 

Construction of templates for some solids 


from 20 to 30 per cent of that presented in 
grades seven and eight. 


Grade nine: 
Liberal use should be made of geometric 
drawing in illustrating problems wherever 
possible. The one-to-one correspondence 
idea should be applied to the number scale 
and to the development and use of the Car- 
tesian co-ordinate system. 


Grade ten: 
Current textbooks in plane geometry pre- 
sent the following topics with some varia- 
tions in order: Fundamental ideas (termi- 
nology, drawing, introduction to deductive 
proof); triangles; parallel and perpendicular 
lines; polygons including the work on areas 
and a proof of the Pythagorean theorem; cir- 
cles, similar polygons, loci, and regular poly- 
gons with an informal argument that de- 
velops the formulas for the circumference 
and area of a circle as limiting cases. When 
we consider this sequence in terms of what 
has gone before, it seems clear that some 
time should be saved, not because some of 
the work has been done earlier (although 
this may be true in the early units), but be- 
cause a firm foundation for understanding 
has been provided. 
Grades eleven and twelve: 

In these grades the pupil’s knowledge of co- 
ordinate geometry should be reviewed and 
extended. This extension may include some 
work with co-ordinate systems in three di- 
mensions. The pupil’s ability to draw and 
his knowledge of geometric principles should 
be used to provide geometric interpretations 
of a wide variety of problems. In particular, 
the trigonometry should include some con- 
sideration of three-dimensional situations 
that require the pupil to use both the 
drawing techniques and the theorems 
which he learned in geometry. Students 
who study calculus need experience of this 


kind. 


Attempts will be made by various 
groups to improve the content and organi- 
zation of the year course in geometry and 
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to provide a better postulational base for 
the theorems it contains.” 

We wish to encourage all such attempts 
and we shall try to evaluate and interpret 
these proposals when they become avail- 
able. In this report however, we are con- 
cerned with what can be done to improve 
geometry now when the results of these 
attempts are not yet widely accessible, to 
say nothing of being widely accepted. 

We are of the opinion that the sequence 
for grade ten described above provides an 
adequate basis for the study of deductive 
proof. We should strive for improvements 
in the teaching’ of school geometry that 
can be achieved within the framework of 
the present program as well as for those 
which require rather fundamental modifi- 
cations of the program. Improvements 
which require little or no modification of 
content include: 


1. The use of the wonderfully expressive lan- 
guage of sets in the development of certain 
geometric concepts. This development should 
be an extension of that used in grades seven, 
eight, and nine. 

A sharper delineation of the meaning of de- 
ductive proof. This requires a review and ex- 
tension of some of the basic ideas involved 
in if-then reasoning. The pupil should be 
thoroughly familiar with the inverse, con 
verse, and contrapositive forms of a simple 
theorem’ and should recognize the logical 
equivalence which exists between a theorem 
and its contrapositive. Some superior stu- 
dents may learn to apply these ideas to 
theorems that have more than one condition 
in the hypothesis. 

Better understanding of the nature of an 
indirect proof. This in turn requires an un- 
derstanding of the meaning of negation. 
Pupils should become confident of their 
ability to establish a conclusion by showing 
that its denial leads to a contradiction. 

More study of miscellaneous lists of prob- 
lems. Time should be provided toward the 
end of the plane geometry sequence for the 
solution of problems of “rare charm and dis- 
tinction.”” Such problems are plentiful and 


2 In this connection we should consider the current 
work of the School Mathematics Study Group, the 
University of Illinois Committee on School Mathe- 
matics, the Ball State Group under C. F. Brumiiel, 
and the Commission on Mathematics of the College 
Entrance Examination Board, among others. 

3A “simple theorem” is here defined as one that 
has one condition in the hypothesis and one statement 
in the conclusion. For example, if a=b, then 3a = 3b. 


lists of them should be provided which are 
unclassified with respect to the theorems re- 
quired for solution. 

For the best pupils supplementary lists 
of exercises can be provided that require the 
understanding and application of several of 
the more advanced theorems dealing with 
concurrent lines, collinear points, and cyclic 
quadrilaterals. 

The kind of thinking that pupils are called 
upon to do in solving geometric originals is 
somewhat like that required of the mature 
classical mathematician. They must call upon 
their store of mathematical information and 
make use of all the intuitive powers at their 
command. It is important to realize that the 
pupils’ intuitive powers must be developed 
as well as their ability to manipulate symbols 
in accordance with prescribed rules. The 
study of geometry stimulates the use of the 
imagination in the study of drawn figures, 
and develops the knack of using only those 
properties of these figures specified by the 
chosen hypotheses. This kind of perception is 
important not only to mathematicians but 
also to scientists and engineers. 


. Better understanding of geometry as a postu- 


lational system. Students should be made 
aware of the fact that each theorem can be 
traced back to the fundamental assumptions 
(axioms and postulates) that were made in 
the beginning. They should occasionally con- 
sider ‘families of theorems’ that the text 
presents in a certain sequence, and should in- 
quire if it is logically feasible to arrange these 
related theorems in different sequences. In 
addition, pupils should encounter a few of the 
startling consequences which result from a 
change in the postulational base. For this 
reason, there should be some consideration 
of the geometry of the sphere and some refer- 
ence to other non-Euclidean geometries. 
The postulational method cannot be fully 
appreciated on the basis of just one example, 
particularly when that example produces 
results which are, at the beginning at least, 
intuitionally evident. The knowledge that 
other systems exist in which logically derived 
conclusions defy intuition is an important 
element in the cultural heritage one should 
acquire from the study of geometry. 
More adequate provisions for individual dif- 
ferences in ability to learn geometry can be 
made. This committee is concerned with cur- 
ricular provisions for all pupils, not merely 
those who are college-capable. Provisions ad- 
vocated later in this report imply that, when- 
ever possible, sections should be provided 
which allow for presentations which vary 
widely with respect to the time spent on 
various topics, the level of abstractions ex- 
pected, the degree of penetrations required, 
and the amount and kind of problem mate- 
rials used. 

For able pupils geometry should be “a 
study of the ways in which new ideas are 
formulated and combined, of the ways in 


‘“e 
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which new ideas follow in logical order from 
ideas already formulated, of the reasons why 
the ideas developed follow one another in 
that order and so on.’’* Pupils who are less 
able to deal with logical abstractions will need 
correspondingly greater emphasis on the con- 
tent of geometry as a body of information 
about lines and angles, surfaces and solids, 
etc., together with a large variety of practical 
applications of geometry, before they can be- 
gin to appreciate the logical structure of the 
subject. Some of these pupils may succeed 
better if their study of geometry is postponed 
to grade eleven. 

It is evident that this provision of a 
variety of courses is likely to produce some 
courses which do not meet the require- 
ments of a college-preparatory sequence 
in mathematics. A course that presents 
only the facts of geometry and pays little 
or no attention to the essentials of deduc- 
tive proof certainly does not meet these 
requirements. While such courses may pro- 
vide valuable learning experiences for 
some pupils, they should not be described 
as deductive geometry. This description 
should be reserved for those courses which 
are designed to advance the pupils’ under- 
standing of the nature of proof. 

The importance of geometry in the 
school curriculum serves to emphasize the 
need for better training for those who 
expect to teach geometry in grades seven 
to twelve. Some of the criticism of geome- 
try in our schools is found, on analysis, to 
stem from inept.teaching rather than from 
deficiencies in the content or organization 
of the course. This is not surprising when 
we consider the fact that many teachers of 
geometry have not had a course in geometry 
since their high-school days. This situation 
must be remedied. The remedy is not to 
be found in requiring prospective teachers 
to take courses in geometry that are pri- 
marily designed for research-minded 
people who seek advanced degrees in 
mathematics. Instead, courses should be 
developed which give prospective teachers 
a deeper understanding of the ideas we en- 
counter in school geometry, that is, courses 
that consider these ideas from an ad- 


‘E. P. Northrop, Fundamental Mathematics 
(Chicago: University of Chicago Press, 1944), Vol. I. 


vanced point of view. If the teacher of 
mathematics is to convey to his pupils 
some understanding of the essentials of 
logical reasoning and the nature of proof, 
he must have some training in these con- 
cepts himself. 


IMPLEMENTATION OF THE CURRICULUM® 


Provisions for individual differences. It is 
recognized that the ability to learn varies 
greatly among all human beings, and that 
the variation in this ability to learn is as 
great in mathematics as in other areas of 
knowledge. By the time pupils enter the 
secondary school at the seventh grade 
there is a wide range of achievement in 
mathematics from the very able pupils to 
the very slow pupils. Thus the secondary 
school must make instructional provisions 
for this variation in achievement so that 
pupils may proceed successfully and at the 
rate adapted to their several abilities. 

The question arises as to what mathe- 
matics the pupils should study. The an- 
swer appears to be: the same mathemati- 
cal structure and concepts, but varying in 
amount, in complexity, in depth, and in 
manner of organization and presentation 
in order to be consistent with the pupil’s 
ability and his past achievement. All pu- 
pils may eventually study the same alge- 
bra, but not at the same time and at 
the same rate, to the same depth of under- 
standing, with the same application, or 
necessarily in the same sequence. Thus, for 
example, in the ninth school-year one 
group may be doing a development of the 
number systems from an axiomatic point 
of view, another group may be studying 
positive and negative numbers as usually 
presented in an inductive manner, while a 
third, less able, group may be making use 
of the basic concepts of algebra to help 


5 A very helpful pamphlet on ‘““Teaching Aids,” 
prepared by a subcommittee of the Secondary-School 
Curriculum Committee, has been published by the 
National Council of Teachers of Mathematics. Emil 
Berger and Donovan A. Johnson were co-chairmen of 
this subcommittee. The pamphlet is available through 
the office of the Executive Secretary, 1201 Sixteenth 
St., N.W., Washington, D. C. 
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strengthen their understanding of arith- 
metic processes. 

A sequentially structured study of high- 
school mathematics is rather easy to devise 
for the more capable pupils. The learning 
of this same structure must be modified 
for the average group of pupils. For the 
slow pupils the learning may have to be 
fragmented and accompanied with much 
work in applications and examples. The 
essential point is: If the mathematics is to 
have value, it must be ultimately a body 
of concepts and understandings built into 
a related system recognized not only as a 
significant part of our culture but also as 
providing the individual with a meaningful 
tool either for solving his problems or for 
continuing his education in more advanced 
study of mathematics. 

The mathematics program for the slow 
learner thus contains the same basic struc- 
ture, the same usefulness, and many of the 
same concepts as it does for the average or 
fast learner. However, the teaching meth- 
ods by which the slow learner comes to 
grasp this structure of knowledge will un- 
doubtedly be different from that of the 
other learners. For example: 

. Generalizations, in order to be understood 
by the class, must be preceded by many and 
varied concrete illustrations. 

Frequent reviews in meaningful situations 

are necessary in order to maintain a reason- 

able level of skill and understanding. 


zaboratory techniques and manipulative de- 
vices should be used freely. 


Furthermore, it is axiomatic that great 
precaution must be taken not to make the 
program for the slow learner one that con- 
sists of a series of completely unrelated 
topics, meaningless tricks, and useless 
applications, or one of mere amusement 
and entertainment whose primary purpose 
is to keep the pupil in school rather than 
to provide him with appropriate oppor- 
tunity to acquire pertinent mathematical 
information. 

For pupils of below-average ability the 
principal emphasis should be upon basic 
understandings of a carefully considered 
program of minimum essentials. Until a 


better definition of a minimum program 
in mathematics has been determined for 
the high school, the Check List of Func- 
tional Competence prepared by the Com- 
mission on Post War Plans*® can con- 
tinue to serve as a satisfactory list. Oppor- 
tunity should be sought constantly for ex- 
tending those who are capable beyond such 

a minimum program. 

A carefully planned program for moti- 
vation of interest and direction of effort is 
necessary. The well-prepared teacher is 
also essential. Particularly for the below- 
average group, teacher attitude is ex- 
tremely important. Specific care should be 
taken to prevent stigmas being attached to 
the program. Each teacher must be willing 
to accept the pupils as they are and to help 
them feel secure and wanted. The teacher 
must have an enthusiasm for the work as 
well as imagination and understanding in 
dealing with pupils. Supplementary ma- 
terials can be very helpful and effective. 

A sample of topics which can be adapted 
to provide motivation and help build pres- 
tige in such a program might include the 
following: 

Elementary work with other number bases 

Ancient methods of computation: Russian peas- 
ant method, finger multiplication, galley 
method of multiplication 

Indirect measurement, including construction 
and use of a clinometer and hypsometer 

Other systems of numeration 

Magic Squares 

Experimental geometry 

Use of the slide rule 

Probability and statistics; an experimental lab- 
oratory approach. 

As guides in formulating the most effec- 
tive program possible the following princi- 
ples can be helpful: 

1. A four-year sequence should be made avail- 
able to all pupils in grades nine through 
twelve. 

. Two years of mathematics should be required 
for graduation from all secondary schools. 

. Where enrollment warrants, below-average 
pupils should be placed in separate classes, 
limited in size to a maximum of twenty 
pupils. 


6 Commission on Post War Plans, Guidance Re- 
port, THe Matruematics Teacner, XL (1947), 
318-19. 


The Secondary Mathematics Curriculum 409 





4. It is the responsibility of the teacher to locate 
deficiencies and provide for remedial instruc- 
tion within the classroom. 

If, at any time, a pupil shows sufficient 
growth and promise it should be possible for 
him to move into the program for more able 


pupils. 

In each of the four years, provision 
should be made for the maintenance and 
extension of proficiency in arithmetic. 
Basic algebraic concepts should be de- 
veloped, especially those that may be used 
to help develop an understanding of arith- 
metic processes. Emphasis should be 
placed on geometry and the pupil given 
opportunities to make discoveries and 
form generalizations based upon labora- 
tory experience. Attention should be given 
to the notions of measurement. By means 
of laboratory experiences the basic con- 
cepts of probability and statistics should 
be developed. In later years, community 
resources could well be used to develop 
certain notions of consumer mathematics. 

Much research is needed to provide 
teachers with a detailed outline, including 
specific resource units, for a four-year 
course of study in mathematics for below- 
average pupils. 

Probably the greatest challenge to 
teachers of mathematics from the point of 
view of potential benefit to the welfare of 
our society lies in the recognition of, and 
the making provision for, the mathemati- 
cally gifted pupil. It is not likely that any 
serious thinker would take much exception 
to this statement from a leading educator: 
“The future of our country and of de- 
mocracy as a way of life depend to a con- 
siderable degree upon the widespread rec- 
ognition and development of our greatest 
resource—gifted children and youth.’ 
What then are the characteristics of the 
mathematically gifted, and how can we 
provide a program of significant challenge 
and interest for them? 

The recognition of the mathematically 
gifted pupil can be accomplished most 


7 Paul H. Witty, ‘“Today’s Schools Can Do Much 
for the Gifted Child,”” The Nation’s Schools, LVII 
(1956), No. 2, 72. 


effectively through the identification of 
certain basic characteristics, some general 
and others more specifically mathematical 
in nature. 
1. General characteristics 
(a) Makes associations readily and retains 
them indefinitely 
(b) Recognizes similarities and differences 
quickly 
(c) Has excellent memory, good vocabulary, 
broad attention span, and high reading 
ability 
(d) Has a relatively mature sense of values 
(e) Pursues interests with tremendous en- 
ergy and drive 
(f) Uses his spare time productively 


2. Special characteristics 

(a) Recognizes patterns readily and enjoys 
speculating on generalizations 

(b) Prefers to think on higher levels of ab- 
straction 

(ec) Classifies particular cases as special cases 
of more general situations with relative 
ease 

(d) Follows a long chain of reasoning, fre- 
quently anticipating and contributing 

(e) Frequently asks profound questions 

(f) May be reading mathematics books years 
ahead of his class 

(g) Is frequently impatient with drill and 
details that he thinks are not important 


All schools should provide opportunities 
for the gifted. Ability grouping is a widely 
acceptable and desirable practice, and 
special classes for the able are recom- 
mended where organization and staff fa- 
cilities permit. Honors classes, seminars, 
and special projects provide excellent 
means for challenging the gifted. A policy 
of acceleration is followed in some areas. 
Two basically different patterns are used: 
(1) a narrow type, or “mere speed-up” 
plan, in which pupils are allowed to 
“cover” the requirements of one year’s 
program to get into that of the next year— 
for example, two years of algebra in one 
year; and (2) a broad type, or ‘‘faster- 
growth-in depth” plan, where more ma- 
ture understandings and procedures are 
expected sooner. 

There is some question about the ad- 
visability of the ‘‘mere speed-up plan.” A 
sophomore pupil, for example, who is un- 
dertaking senior mathematics could easily 
be a triple loser. He could be so completely 
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out of step with the educational pattern 
that he would be confronted with un- 
necessary confusion in planning for the 
future; secondly, he could have lost ma- 
terial benefits by not having had the op- 
portunity to make significant explora- 
tions below the surface of mere satisfac- 
tory accomplishment; and thirdly, he 
could have missed the inspiring challenge 
that can come from inquisitive search into 
the rationale of procedures, the founda- 
tions of concepts, and the implications of 
principles. On the other hand, a carefully 
planned acceleration program of the 
“faster-growth-in-depth” type can benefit 
the able pupil very materially through the 
provision of opportunities for deeper in- 
vestigation of foundations, broader con- 
tact with related areas of cultural and 
utilitarian value, and more significant 
appreciation of basic interrelationships as 
well as advancement in grade-level ac- 
complishment. 

Any program of enrichment for the 
mathematically gifted not only should pro- 
vide real challenge to excellent accomplish- 
ment but also should provide basic infor- 
mation essential to top-level performance 
in mathematics, both for the present and 
for the future. This can be accomplished 
in better fashion by less emphasis on drill 
and on delineation of applications, in order 
to provide more opportunity for discovery 
of significant patterns and formulation of 
generalizations. Under informed guidance 
such pupils should be encouraged to read 
widely, to investigate significant topics 
which offer them challenge, to participate 
in competitive endeavors, and to seek occa- 
sion to meet with other mathematically 
gifted pupils from their own school and 
from other schools. 

Since the purpose of ability grouping in 
mathematics is to increase the efficiency of 
learning, it behooves teachers to adjust 
their methods of teaching in order to take 
maximum advantage of the homogeneity 
of the several groups and to gear instruc- 
tion to the learning level of the students in 
each group. Furthermore, administrators 


should strive (1) to develop in their staffs 
an understanding of the basic purposes of 
ability grouping and the desirability for 
taking advantage of it, (2) to adjust class 
size for optimum benefits from such 
grouping, and (3) to reduce nonteaching 
duties so that all teachers will have better 
opportunity for taking care of individual 
differences at all levels of instruction. 

The organization of the program. What- 
ever pattern the revised curriculum in 
mathematics might assume, it should be 
characterized both by uniformity and flexi- 
bility. While the program should be suffi- 
ciently uniform to meet national needs in 
minimizing problems of transfer from one 
school system to another and problems of 
personnel, it also must be sufficiently flexi- 
ble to meet both regional and local de- 
mands. This curriculum must reflect a 
total program in mathematics, the in- 
structional responsibility of which will be 
(1) to guarantee an appropriate minimum 
program for every educable individual 
whether slow learner, average pupil, or 
mathematically gifted, and (2) to provide 
a sufficient program to challenge the inter- 
est and ability of the most able. The edu- 
cational responsibility of each grade level 
in this total program must be appraised 
very carefully. It can be stated now, how- 
ever, that at any grade level the principal 
responsibility of the teacher of mathema- 
tics is to do the very best job of which he is 
capable in helping his pupils acquire fun- 
damental understandings of the basic con- 
cepts, principles, and techniques of mathe- 
matics. Applications of mathematics are 
important as media through which pupils 
might gain deeper appreciation of the tool 
value of mathematics and as aids in the 
clarification and illustration of mathema- 
tical content. They should not, however, 
be used at any grade level as if they con- 
stituted the basic significance of the 
mathematics curriculum. Technology is 
subject to rapid change. Training in 
specifics can, and may, soon become ob- 
solete. On the other hand, a person with 
fundamental training in mathematics will 
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have the background for making adapta- 
tions to applications, even to those not 
now foreseen. 

Teachers are asking many questions 
concerning content and grade placement 
of mathematical subject matter. A few 
representative questions are: What about 
the relative placement of plane geometry 
and a second course in algebra? Should the 
first course in algebra be placed in the 
eighth grade? Should the high school pro- 
gram treat of probability and statistics? 

These are difficult questions, but cur- 
rent thinking seems to indicate fairly clear- 
cut answers. As the courses in algebra and 
plane geometry are now organized, it seems 
to make little difference which immediately 
follows elementary algebra. In the revised 
curriculum of the near future the new em- 
phases on algebra and geometry will more 
than likely remove the necessity of this 
question. At present it seems unwise to 
make a blanket recommendation for the 
placement of algebra in the eighth grade. 
It is conceivable, however, that there are 
situations in which it is desirable to follow 
such a program, in which case the respon- 
sibility of the ninth grade will be a follow- 
up program in algebra. In such situations 
the pupils should be mathematically su- 
perior and they should be taught in ho- 
mogeneous groups by well-qualified teach- 
ers. The wise use and interpretation of sta- 
tistical data is becoming more and more 
important in the daily life of man. Some 
elements of statistics are already incorpo- 
rated in the current programs of grades 
one to twelve. Examples are: numerical 
representation of quantities, averages, and 
graphs. In the light of the increased em- 
phasis on statistics in this technical era it 
is quite likely that these and other statisti- 
cal areas may demand more careful atten- 
tion in these grades. However, the study 
of inferential statistics probably should be 
postponed until grade eleven or twelve. 

In view of the many different types of 
school organizations, i.e., 8-4, 6-3-3, 6-6, 
there are definite problems of articulation 
These can be sur- 


between schools. 


mounted, provided the same certification 
is required of teachers at a given grade 
level regardless of the type of school or- 
ganization. 

The demands for mathematics are be- 
coming greater; therefore those students 
who desire to do so should have the oppor- 
tunity to study mathematics during each 
year of their education. Many schools are 
concerned about the content of the 
twelfth year of mathematics. The present 
thinking of the groups considering this 
problem is that the twelfth year should 
provide some choice of advanced courses, 
when possible, to provide for varying char- 
acteristics of interest, aptitude, and need. 
Such provisions should be made in schools 
only when a class of mathematically su- 
perior students can be found and a teacher 
is available who has taken mathematics 
beyond elementary calculus. Furthermore, 
for the students who have not reached the 
degree of mathematical maturity neces- 
sary for such courses as those implied 
above, provision should be made in the 
twelfth year for them to take work in 
intermediate algebra, trigonometry, or 
certain types of applied mathematics. 

Every encouragement should be offered 
to able pupils tocontinue in advanced high- 
school mathematics even though immedi- 
ate or even ultimate need is not evident. 
After all, one cannot use what he does not 
know. One guiding principle in requiring 
certain mathematics courses is that effort 
should be made to provide pupils with 
study opportunity and accompanying pro- 
fessional guidance so that later they may 
not be denied access to higher levels of 
education because of a deficiency in back- 
ground preparation. This may mean that 
more mathematics will be required of 
those able to master it. 

There is a minimum amount of mathe- 
matical competency desirable for all high 
school graduates. There are some students 
whose future plans will not require more 
than this minimum. There should always 
be some method to determine whether or 
not minimum proficiency has been at- 
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tained. Probably the best place in the pro- 
gram to include such a measure would be 
the eleventh grade. Provision for those 
pupils who desire to continue beyond the 
minimum program is the joint responsi- 
bility of the college and secondary school. 

Administration and supervision of the 
program.* No program, regardless of how 
carefully and thoughtfully it might be or- 
ganized, can be eifective unless it is sup- 
ported and encouraged by a sympathetic 
and interested administrative attitude. 
One: of the major problems calling for 
close co-operation between teacher and 
administrator is that of making appropri- 
ate provision for taking care of individual 
differences. Within classes, ability group- 
ing makes such provision, but this prac- 
tice needs to be supplemented, wherever 
possible, by multitrack programs pro- 
viding differentiated sequences running 
through the several grade levels. In gen- 
eral, the number of tracks will depend 
upon the size and needs of each particular 
school. The basic differentiation between 
tracks will be in terms of variations in aca- 
demic objectives. Usually at least one of 
the tracks will be an accelerated program. 
It is also very important that flexibility be 
recognized as a significant characteristic 
of the multitrack program. For example, 
pupils who are especially gifted in mathe- 
matics, or who are able and sincerely inter- 
ested in mathematics, should be en- 
couraged to take top-track classes in 
mathematics but should not necessarily be 
expected to take top-track classes in other 
areas. 

Although there has been a desirable 
trend toward consolidation, there still re- 
main many high schools so small as to be 
unable to provide for homogeneous groups 
and multitrack programs. Some of the 
ways by which such schools can provide 
for the varied needs of its pupils are: offer- 


8 See the pamphlet prepared by the Subcommittee 
on Administration of the Mathematics Program, The 
Supervisor of Mathematics, his Role in the Improvement 
of Mathematics Instruction (Washington, D. C.: Na- 
tional Council of Teachers of Mathematics, 1959). 
Very! Schult was chairman of this subcommittee. 


ing correspondence courses for gifted pu- 
pils; rotating offerings; having a master 
teacher co-ordinate the work of gifted 
pupils by bringing in mathematicians and 
scientists to speak and confer with them; 
providing information about colleges; ar- 
ranging for a traveling library; using films 
and other visual aids; presenting special 
guidance and counseling; and setting up 
special projects for individual pupils. 

Whether in a small school or a large 
school, mathematics courses should re- 
quire work in addition to that done in 
class. This should be planned as a mean- 
ingful supplement to the work done in 
class, designed to increase the pupils’ mas- 
tery and competence, and not as mere 
busy work to keep pupils occupied. All 
out-of-class work should be differentiated 
according to the needs and abilities of the 
pupils. Any such work intended for honors 
credit should be offered on an optional 
basis, but capable pupils should be given 
strong encouragement to take advantage 
of such opportunities. The standards of 
achievement should be higher for honors 
courses and, in generzl, for all elective 
courses than for required courses. The ad- 
ministrative policy of all schools should 
require that high standards of achieve- 
ment, respectably rigid and reasonably 
attainable, be maintained in all courses. 
Furthermore, there should be a positive 
program for the creation of a school at- 
mosphere of open respect for academic 
achievement. Some ways in which this 
may be accomplished are: recognize spe- 
cific cases of such achievement by such 
means as awards, assembly programs, 
banquets, and clubs; provide the press 
with information about scholarship; en- 
courage participation in local and national 
contests. 

One of the major responsibilities of the 
administrative staff of any school is to pro- 
vide for the pupils an intelligent program 
of counseling and guidance. This is just as 
important within subject areas as in gen- 
eral psychological and vocational counsel- 
ing fields. For example, no pupil should be 
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allowed to enroll i an elective course or a 
sequential course if there is substantial 
evidence that he does not have the pre- 
requisites necessary for success in the 
course. On the other hand, all pupils 
should be encouraged to enter the courses 
of greatest challenge to them and to strive 
for the highest level of accomplishment of 
which they are capable. Informed counsel- 
ing should be based on a comprehensive 
pattern rather than on discrete bits of in- 
formation about each pupil. Capable pu- 
pils should be guided into participation in 
such programs as the Advanced Placement 
Program of the College Entrance Exami- 
nation Board, the Merit Scholarship Pro- 
gram, and other programs based on excel- 
lence of achievement. Positive efforts 
should be made to recognize the college- 
capable pupil early so that he may be 
directed into a program of study which 
will equip him for college entrance and for 
a successful college program. The adminis- 
trative staff and the teachers should keep 
themselves informed about the activities 
of agencies which affect the curriculum of 
college-capable students, such as the Com- 
mission on Mathematics of the College 
Entrance Examination Board, the School 
Mathematics Study Group, and the Com- 
mittee on the Undergraduate Program of 
the Mathematical Association of America. 

While testing is not a panacea for all the 
ills of mathematics instruction, the judi- 
cious use of school-wide, city-wide, or 
county-wide tests can be productive of 
very helpful results. Such a program 
should use both teacher-made and stand- 
ardized tests® and should be under close 
administrative supervision to prevent 
overtesting and improper use of test re- 
sults. Tests are usually designed for rather 
specific purposes, and a test planned for 
one use may or may not be appropriate for 


* A pamphlet of such tests in mathematics, pre- 
pared by Sheldon 8S. Meyers and sponsored by the 
Secondary-School Curriculum Committee, is available 
through the office of the Executive Secretary of the 
National Council of Teachers of Mathematics, 1201 
Sixteenth St., N.W., Washington, D. C. 


another. Some of the purposes for which 
tests may be used are: aid in determining 
levels of pupil achievement; aid in deter- 
mining areas of pupil weakness; aid in 
making decisions about vocational and 
academic futures of pupils; aid in identi- 
fying slow pupils and mathematically 
gifted pupils; aid in establishing standards 
of achievement; and aid in determining the 
effectiveness of a specific curriculum. The 
written test is not the only means of ef- 
fective evaluation. Other sources for 
gathering pertinent information about the 
achievement and progress of pupils are 
oral tests, interviews, anecdotal records, 
observation, informal conversations, pupil 
projects, and various other forms of out- 
of-class work. 

Regardless of how complete the evalua- 
tion program may be, it can still lose the 
major portion of its true significance if 
teachers and administrators fail to use 
proper procedures and limitations in the 
interpretation and use of the results. Such 
personnel need to be informed as to the 
differentiation in purposes of different 
types of tests, the mechanics of fundamen- 
tal statistical procedures and the prin- 
ciples of interpreting the results they pro- 
duce, and the distinctive characteristics of 
various testing techniques. 

The teacher. The most important single 
factor contributing to the effectiveness of 
any program of instruction is the teacher. 
As in any true profession, the competent 
teacher is characterized by scholarship in 
relevant knowledge and proficiency in the 
use of efficient techniques. In view of cur- 
rent curriculum demands teachers of mathe- 
matics in grades seven through twelve will 
need to have competence in (1) analysis 
—trigonometry, plane and solid analytic 
geometry, and calculus; (2) foundations of 
mathematics—theory of sets, mathemati- 
cal or symbolic logic, postulational sys- 
tems, real and complex number systems; 
(3) algebra—matrices and determinants, 
theory of numbers, theory of equations, 
and structure of algebra; (4) geometry— 
Euclidean and non-Euclidean, metric and 
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projective, synthetic and analytic; (5) sta- 
tistics—probability and statistical infer- 
ence; (6) applications—mechanies, theory 
of games, linear programming, and opera- 
tions research. 

Ideally, every teacher of secondary 
mathematics should have completed suc- 
cessfully a five-year program, emphasiz- 
ing the above areas and culminating in the 
master’s degree. As a minimum, teachers 
of mathematics at the seventh- and 
eighth-grade levels should have completed 
successfully a program of at least eighteen 
semester hours, including six semester 
hours of calculus, in courses selected from 
the above areas. Also as a minimum, 
teachers of mathematics in grades nine 
through twelve should have completed 
successfully a program of at least twenty- 
four semester hours, including a full-year 
program in calculus, in courses selected 
from the above areas. Both programs 
should contain fundamental treatments of 
relevant topics from the foundations of 
mathematics and probability and statis- 
tics. These programs in mathematics 
should be supplemented by a basic pro- 


gram in education and psychology. As 


a minimum, a teacher should have 
completed successfully eighteen semester 
hours, including student teaching in 
mathematics, in such courses as: a meth- 
ods course in the teaching of mathematics; 
psychology of learning (with particular 
reference to adolescents); psychology of 
adjustment (mental hygiene); and tests 
and measurements. This total program of 
specialization should be based on a strong 
program of general education. 
Particularly in this period of great po- 
tential change it is imperative that teach- 
ers take advantage of the many different 
opportunities available for in-service train- 
ing to maintain and increase their profi- 
ciency. The National Science Foundation 
institutes are making a very significant 
contribution to this program. Many col- 
leges and universities conduct summer ses- 
sions and evening schools with programs 
designed for the training of teachers. Local 


and regional groups have organized self- 
study and discussion programs. Organi- 
zations such as the National Council of 
Teachers of Mathematics, the Central As- 
sociation of Science and Mathematics 
Teachers, the Mathematical Association of 
America, and state and regional educa- 
tional associations offer almost unlimited 
possibilities for hearing informative ad- 
dresses and discussions on many different 
types of curriculum and _ instructional 
problems. These same organizations pro- 
vide abundant opportunity to their mem- 
bership for keeping currently informed on 
important developments that are taking 
place in the interest of improved instruc- 
tion in mathematics. The periodicals, THE 
Maruematics TracHer, The Arithmetic 
Teacher, School Science and Mathematics, 
and The American Mathematical Monthly, 
are the media through which this is ac- 
complished. Administrators should insist 
that the teachers on their staffs become 
members of at least one of these organiza- 
tions, and should give them positive en- 
couragement, including financial aid, to 
attend and participate in their meetings. 

Classroom instruction is a demanding 
job. To carry out his teaching responsibili- 
ties, the classroom teacher needs to have 
the time and opportunity to know his pu- 
pils personally, to give them individual at- 
tention, to keep a careful check on their 
out-of-class work as well as their in-class 
work, to reflect upon the present day’s as- 
signment that he may do the best job of 
which he is capable in handling it, to con- 
sider tomorrow’s assignment that it may 
be presented to the pupils for their great- 
est benefit, and to read and study for his 
own enlightenment that he may keep alert 
and informed for the challenges which in- 
spired instruction can provoke and en- 
courage 


This report has been directed toward 
the great imbalance in the educational 
program of the secondary schools of the 
United States—an imbalance which has 
been due to a lack of proper emphasis on 
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the significance of mathematics as an es- 
sential part of any carefully constructed 
educational program. No stronger testi- 
mony in support of the proposals of this 
report can be found than that implied in 
the provisions of the National Defense 
Education Act of 1958. This act provides 
money for the identification and encour- 
agement of able high-school pupils, the 
strengthening of science, mathematics, 
and modern foreign language instruction, 
and assistance to both graduate and 
undergraduate students. 

Sixty million dollars has been author- 
ized for the next four years for testing pu- 
pils and guiding the able ones toward col- 
lege. After the first year of the program 
the federal funds must be matched by the 
state on a dollar-for-dollar basis. Also 28 
million dollars has been authorized for in- 
stitutes to improve the qualifications of 
counselors who guide the able youth 
toward maximum development. 

For the improvement of state super- 
visory or related services in public ele- 
mentary and secondary schools in the 
fields of science, mathematics, and mod- 
ern foreign languages, twenty million dol- 
lars has been authorized. After the first 
year the state must match dollar for dollar 
the federal funds, which will total 35 mil- 
lion dollars during the four-year period. 
Most states already have many special 
supervisors, but few states have super- 
visors of mathematics instruction. It is 
hoped that the money from the National 
Defense Education Act will permit states 
to correct this imbalance within their own 
educational structure. 

The provision of such vast sums of 
money is striking indication of the na- 
tional concern over the need for a greatly 
improved program of mathematics in the 
schools of our nation. This concern and in- 
terest demand the thoughtful and deter- 
mined effort of every individual, commit- 
tee, and organization whose major con- 
cern is the teaching of mathematics. Only 
through effort in careful 
study, searching experimentation, and ex- 


co-operative 


acting evaluation can the wise expenditure 
of such funds be assured. The deliberate 
intent of this report is to help teachers and 
administrators in their sincere efforts to 
comply with the current exhortations of a 
disturbed society to modify curriculaand in- 
tensify teaching efforts so that pupils in our 
nation may benefit from a truly improved 
program of mathematical education. 
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Since the fabric of the world is the most per- 
fect and was established by the wisest Creator, 
nothing happens in this world in which some 
reason of maximum or minimum would not 
come to light.—Euler 
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Officers of the NCTM Affiliated Groups 


Elizabeth Roudebush, General Chairman, A filiated Groups Committee, 


The National Council of Teachers of 
Mathematics as a dynamic, growing or- 
ganization furnishes leadership in mathe- 
maties education in the United States of 
America and Canada. At present the mem- 
bership of more than 20,000 comes from 
all parts of the world. The publications of 
NCTM are excellent, and give help and 
inspiration to every member. 

In addition to membership in NCTM, 
mathematics teachers have organized into 
local groups throughout the country. Each 
group develops a program of meetings that 
meets the needs of the members and that is 
appropriate to the geographic location of 
the group. Many of the local groups are 
affiliated with NCTM. This year there are 


seventy affiliated groups scattered in 


ALABAMA 


Mathematics Department of Alabama Education 
Association 
Pres.—J. D. Mancill, Box 1503, University 
of Alabama, University 
V. Pres.—Aileen Pope, Wilsonville 
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Mesa 
Secy.-Treas.— Hubert 
13th St., Tucson 


Mariposa, 
Spencer, 


R. James, 4881 E. 
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Pres.—Dorothy Long, Box 935, Arkansas 
State Teachers College, Conway 


* Annual Report not received by February 23, 
1959, so list of officers may not be correct. 


Seattle Public Schools, Seatile, Washington 


forty-four states, the District of Colum- 
bia, and Ontario, Canada. Three new 
groups have affiliated with NCTM within 
the past year. They are: Pinellas County 
(Florida) Progressive Council of Mathe- 
matics Teachers, Alamo District (Texas) 
Council of Teachers of Mathematics, 
Florida State University Mathematics 
Teaching Club. The South Carolina Coun- 
cil of Mathematics Teachers has been re- 
instated as an affiliated group. 

The officers of an affiliated group are 
very important to the group and to 
NCTM. The success of the local group de- 
pends upon their plans and work. The 
National Council depends upon the offi- 
cers of the affiliated group for communica- 
tion with the group’s members. 
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Mag- 
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St. N.W., Washington 


FLORIDA 


Florida Council of Teachers of Mathematics 
Pres.—Mrs. Jo Anne Taber, Paxon Sr. 
High School, Jacksonville 5 
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Secy.—Mrs. Dorothy Messler, 1528 San 
Remo, Coral Gables 

Treas.—Miss Vida Hardee, Callahan High 
School, Callahan 

Historian—Mrs. Helen Smith, 348 Palmetto 
Drive, Miami Springs 

Editor—Mrs. Lora Lewis, 1911 Old Fort 
Drive, Tallahassee 


Miami 


Dade County Council of Teachers of Mathematics 
Pres.—Michael T. Kambour, 2240 8. W. 
80th St., Miami 
V. Pres.—Robert Gallagher, 3822 S. W. 
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lege, 3400 N. Austin Ave., Chicago 34 
Secy.—Delphine Lipecki, Glenbrook High 
School, Northbrook 
Treas.—Lucille Hubbard, Senn High School, 
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Secy.—Miss Coro Bobo, Cleveland High 
School, Cleveland, Miss. 

La. Rep.— Miss Lurnice Begnaud, Lafayette 
High School, Lafayette, La. 

Miss. Rep.—Miss Eleanor Walters, Delta 
State College, Cleveland, Miss. 


MARYLAND 


Mathematics Section—Maryland State Teachers 
Association 
Pres.—Alfred Culley, 3710 Lochearn Drive, 
Baltimore 7 
V. Pres.—W. Edwin Freeny, 507 Milford 
Mill Rd., Pikesville 8 
Rec. Secy._—-Mrs. Catherine Wheat, Campus 
Ave., Chestertown 
Cor. Secy.—Frank J. Hardman, 7915 Til- 
mont Ave., Baltimore 14 
Treas.—Maurice Holder, 3038 Chesterfield 
Ave., Baltimore 14 
Kditor—Mary J. Curtis, 731 Denison St., 
Baltimore 29 


Mathematics Teachers of Prince Georges County 
Pres..—Mrs. Thelma Garrett, 120 C St. 
N.E., Apt. 207, Washington 2, D.C. 
V. Pros.— Mrs. Iris Lewallin, 6917 Shepherd 
St., Hyattsville, Md. 
Secy.-Treas.— Miss Elizabeth Erling, 1421 
Kanawha St., Hyattsville, Md. 


MICHIGAN 


Michigan Council of Teachers of Mathematics* 

Pres._—_Miss Murel Kilpatrick, 114 N. Ham- 
ilton, Ypsilanti 

V. Pres.—Isobel Blyth, 205 Oxford Rd., E. 
Lansing 

Secy.—Carolyn Ingham, 500 E. William, 
Ann Arbor 

Treas.—Frank 8S. Rogers, 3418 Palmer St., 
Lansing 10 


Detroit Council of Mathematics Teachers* 
Pres.—Samuel Kaner, 17397 Santa Rosa, 
Detroit 21 
Secy.—Miss Mary Walton, 15890 Kentfield, 
Detroit 23 
Treas.—Miss Marilyn Hamilton, 7530 Pal- 
metto, Detroit 34 


MINNESOTA 


Minnesota Council of Teachers of Mathematics 

Pres.—Roger C. Thompson, St. Louis Park 
Sr. High School, Minneapolis 16 

V. Pres.—Robert Jackson, University High 
School, University of Minnesota, Min- 
neapolis 

Secy.—Ray Stumvoll, Crosby High School, 
Crosby 

Treas.—Joe Biersteker, Mankato Sr. High 
School, Mankato 


MISSOURI 


Missouri Council of Teachers of Mathematics 

Chm.—Miss Grace Williams, 354 North 
Park, Cape Girardeau 

V. Chm.— Miss Mary A. Lambert, 8309 Mc- 
Kenzie Rd., St. Louis 23 

Secy-Treas.— Miss Ethel 
High School, Eureka 

Editor—Mrs. Adeline Riefling, 3507 Haw- 
thorne Blvd., St. Louis 4 


Pierce, Eureka 


NEBRASKA 


Nebraska Section— National Council of Teachers 
of Mathematics 
V. Pres.—Mrs. Estella LaRue, McCook Sr. 
High School, McCook 
Secy.—Joe Brettner, Holdredge High School, 
Holdredge 
Treas.—S. Arline Russnogle, Westside Com- 
munity Schools, Omaha 
Editor—John C. Bryan, North High School, 
Omaha 


NEW ENGLAND STATES 


Association of Teachers of Mathematics in New 
England 
Pres.—Henry W. Syer, Kent School, Kent, 
Conn. 
V. Pres.—Mrs. Isabelle Savides, 30 Boyl- 
ston Rd., Newton Highlands 61, Mass. 
Secy.—Barbara B. Betts, D. C. Heath & Co., 
385 Columbus Ave., Boston 16, Mass. 
Treas.—Janet 8. Height, 3 Eaton St., Wake- 
field, Mass. 
Editor—Geraldine D. Smith, Ginn & Co., 
Statler Office Bldg., Boston 16, Mass. 


Southern New England Mathematics Association 

Pres.—William W. Shirk, Choate School, 
Wallingford, Conn. 

V. Pres.—William N. Bailey, Westminster 
School, Simsbury, Conn. 

Secy.-Treas.—John M. Heath, Hopkins 
Grammar School, 986 Forest Rd., New 
Haven, Conn. 


NEW JERSEY 


Association of Mathematics Teachers of New 
Jersey 
Pres.—Max A. Sobel, State Teachers Col- 
lege, Montclair 
Pres.-Elect—George McMeen, State College 
of Newark, Union 
V. Pres.—Sister Columba, St. 
School, South Amboy 
V. Pres.—Gail B. Koplin, A. L. Johnson 
Regional High School, Clark 
V. Pres.—Harold A. Gouss, South Side High 
School, Newark 
Secy-Treas.—Mary C. Rogers, Roosevelt 
Jr. High School, Westfield 


Mary’s 
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Asst. Secy.-Treas.—Dama Hill, Westfield 
High School, Westfield 

Cor. Secy.—Mary F. 
High School, Paterson 

Ree. Secy.— Mary E. Froustet, Union High 
School, Union 

Editor—Madeline D. Messner, Abraham 
Clark High School, Roselle 

Business Mgr.—Frances Gooen, 
Evening High School, Newark 


Baeurle, Central 


Central 


NEW MEXICO 


Mathematics Section of the New Mexico Educa- 
tion Association* 
Pres.—John Cissne, Carlsbad 
V. Pres.—Henry Campbell, Alamogordo 
Secy-Treas.—James Meader, Los Alamos 


NEW YORK 


Association of Mathematics Teachers of New 
York State 
Pres.—Mrs. Florence A. Deci, 219 Birdsall 
Pkwy., Palmyra 
V. Pres.—Dr. Carl Munshewer, 118 Lebanon 
St., Hamilton 
Rec. Secy.—Elizabeth Glass, Albany State 
College for Teachers, Albany 
Cor. Secy.—Mrs. Miriam Howard, 48 Clif- 
ton St., Phelps 
Treas.—Edward Sherley, 1369 Union St., 
Schenectady 8 
Editor—Dr. Paul Neureiter, Geneseo State 
Teachers College, Genesee 


Association of Teachers of Mathematics of New 
York City 

Pres.—Mrs. Erna J. Fife, 105-43 63rd Ave., 
Forest Hills 75, Queens 

V. Pres.—Robert Sirlin, 1575 E. 
Brooklyn 29 

V. Pres —Abraham Kadish, 751 St. Marks 
Ave., Brooklyn 16 

V. Pres.—Mrs. Annie Peskin, 175 W. 93rd 
St., New York 25 

Treas.—Miss Cecile M. Cohen, 2653 Bain- 
bridge Ave., Bronx 58 

Cor. Secy.—Miss Ruth Grabenheimer, 509 
W. 110th St., New York 25 

Rec. Secy.—Miss Frances Flagg, 129 W. 
46th St., New York, 36 

Editor—Samuel Greitzer, 168 W. 86th St., 
New York 24 

Co-Editors—Erna Fife, Abraham Kadish, 
Cecile M. Cohen 


29th St., 


Nassau County Mathematics Teachers Associa- 
tion* 
Pres.—Frank Foran, Garden City Jr. High 
School, Garden City 
V. Pres.—Joseph Laucks, Hicksville High 
School, Hicksville 
Secy.—Annette Swanson, 
High School, Oceanside 
Treas.—Edna T. Layton, Apt. 6A, 35 Elk 
St., Hempstead 


Oceanside Jr. 


Suffolk County Mathematics Teachers Associa- 
tion 
Pres.—Carl Wampole, 
School, Hauppauge 
V. Pres.—Jack Record, Huntington High 
School, Huntington 
Secy.—Richard Stock, Bellport High School, 
Bellport 
Treas.—Mrs. Ethel H. Kaiser, Harborfields 
Jr.-Sr. High School, Box 107, Greenlawn 


Hauppauge High 


NORTH CAROLINA 
Department of Mathematics of the North Carolina 
Education Association 
Pres.—Mrs. Ida Belle Moore, Greensboro 
High School, Greensboro 
Secy-Treas.—Mrs. C. W. 
Springs 


Mobley, Red 


OHIO 


Ohio Council of Teachers of Mathematics 

Pres.—Clarence H. Heinke, 688 S. Reming- 
ton Rd., Columbus 9 

Ist V. Pres.—Harold E. Tinnappel, Bowling 
Green State University, Bowling Green 

2nd V. Pres.—William B. Lantz, 82 W. 
Prospect St., Mansfield 

3rd V. Pres.—Harold L. Lee, 30 Franklin 
Ave., Athens 

Secy.-Treas.—Mrs. Florentina M. Clinton, 
625 Seminole Rd., Chillicothe 

Editor—Floyd D. Strow, Ottawa Hills High 
School, Toledo 


Mathematics Club of Greater Cincinnati 

Pres.— Mildred J. Crouch, 7120 Bridgetown 
Rd., Cincinnati 11 

V. Pres.—Donald Drake, 6138 Robison, 
Cincinnati 13 

Secy.—Ray Brokamp, 4330 W. 8th St., 
Cincinnati 5 

Treas.—Mrs. Fay Wert, 2870 Werk Rd., 
Cincinnati 11 


Greater Cleveland Mathematics Club 
Pres.—Mrs. Helen H. Scheu, 7802 Wain- 
stead Drive, Parma 29 
V. Pres.—Eric Calhoun, 3932 Orchard Rd., 
Cleveland Heights 
Betty Davis, 17316 Invermere Ave., 
Cleveland 28 
Treas.—Joseph DiZinnio, 3829 Glenwood, 
Cleveland Heights 21 


Secy. 


The Greater Toledo Council of Teachers of Mathe- 
matics* 
Pres.—Dallas Greenler, Clay High School, 
Toledo 5 
V. Pres.—Belle Joseph, Woodward High 
School, Toledo 
Secy.-Treas.— Marcia B. Frank, 2911 Gunck- 
el Blvd., Toledo 6 
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OKLAHOMA 
Oklahoma Council of Teachers of Mathematics* 
Pres.—Mrs. Carolyn Stewart, 2242 E. 36th, 
Tulsa 
Pres.-Elect.—Thomas J. 
Douglas, Oklahoma City 
V. Pres.—Stella Gartman, 12158. Wheeling, 
Tulsa 
V. Pres.—Mrs. Bessie Sanmann, Geronimo 
V. Pres.—Miss Evelyn Keil, Clinton Ele- 
mentary School, Clinton 
Secy.—Mrs. Hattie May Bury, 3348 E. 
45th, Tulsa 
Treas.—Mrs. Kathryne Leverett, 
N.W. 54th, Oklahoma City 


Hill, 1909 N. 


5921 


Oklahoma City Mathematics Council* 
Pres.—Norma Louise Jones, 
43rd, Oklahoma City 19 
V. Pres——Tom Vickrey, 1842 N.E. 48th, 

Oklahoma, City 
Secy.-Treas.—Lola Greer, 1334 N.E. 8th, 
Oklahoma City 


1508 8.W. 


Tulsa Chapter of National Council of Teachers of 
Mathematics 
Pres.— Marvin Littlejohn, 6733 W. Cameron, 
Tulsa 
V. Pres.—Miss Vella Frazee, 824 8. Detroit, 
Tulsa 
Secy.-Treas.—Betty Kelsey, 1031 N. Van- 
dalia, Tulsa 


ONTARIO 


Ontario Association of Teachers of Mathematics 
and Physics* 
Pres.—Mr. Charles Chambers, 
Collegiate Institute, Toronto 
Secy.-Treas.—John Del Grande, St. An- 
drew’s College, Aurora 
Publicity Rep.—Mr. N. 
Canada College, Toronto 


Malbern 


Sharpe, Upper 


OREGON 


Oregon Council of Teachers of Mathematics 

Pres.—Helene N. Lannon, 10273 S.W. 
Lancaster, Portland 19 

V. Pres.—Dr. Russell Godard, Rt. 4, Cor- 
vallis 

Secy.-Treas.—-Cecil 
36th, Portland 13 

Editor—James V. Rogers, 4305 S.E. Broad- 
way, Portland 


Jenkins, 3434 N.E. 


PENNSYLVANIA 


Pennsylvania Council of Teachers of Mathematics 
Pres.—Edward FE. Bosman, 102 Smith St., 
East Stroudsburg 
V. Pres.—Earle F. 
New Brighton 
Secy.—Mary E. Martin, 740 County Line 
St., New Castle 


Myers, 322 13th St., 


Treas.—Earle F. Taylor, Jr., 2319 Herr St., 
Penbrook 

Editor—Catherine A. V. Lyons, 12 8. Fre- 
mont Ave., Pittsburgh 


Mathematics Council of Western ‘Pennsylvania 

Pres.—Miss Rosemarie Kavanagh, 604 
Main 8t., Pittsburgh 15 

V. Pres.—Sister M. Tarcisius, St. Peter’s 
High School, 808 Arch St., Pittsburgh 12 

Rec. Secy.—Miss Jane Walker, 325 Park 
Ave., Clairton 

Cor. Secy.—Miss Helen Malter, 33 Ehle 
Ave., Coraopolis 

Treas.—Miss Mabel Milldollar, 1518 Cam- 
bridge St., Natrona Heights 

Editor— Miss Helen Malter 


The Association of Teachers of Mathematics of 
Philadeiphia and Vicinity 
Pres.—Shaylor Woodruff, 2111 
Rd., Glenside 
ist V. Pres.—I. R. Klingsberg, 221 S. 47th 
St., Philadelphia 
2nd V. Pres.—Alexander Beck, 
Phil-Elena, Philadelphia 50 
Secy.—Ruth L. McCarty, 173 Clearview 
Ave., Huntingdon Valley 
Treas.—Abner A. Rissler, 60 Cherry Lane, 
Levittown 
Editor—Alexander Beck 


Wharton 


1032 E. 


SOUTH CAROLINA 


South Carolina Council of Mathematics Teachers 

Pres.—Mrs. G. A. Lindler, Brookland-Cayce 
High School, Cayce 

V. Pres.—Alton Black, Gilbert High School, 
Gilbert 

Secy.—Mrs. H. W. Funderburk, Camden 
High School, Camden 

Treas.—Mrs. J. E. Smith, University High 
School, Columbia 


SOUTH DAKOTA 


The Mathematics Council of the South Dakota 

Education Association* 
Pres._-James Prosser, Vermillion High 
School, Vermillion 

V. Pres.— Albert Beatty, Dupree 

Secy.—Charles Prochaska, Flandreau 

Treas.—Bill Ochs, Aberdeen 


TENNESSEE 


Mathematics Section—East Tennessee Education 
Association* 
Pres.—Mrs. Sam McConnell, Hixson High 
School, Hixson 
V. Pres.—Mr. John Esposito, 6107 Adelia 
Drive, Knoxville 
Secy.—Florence Bogart, 
School, Bristol 


High 


Tennessee 
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TEXAS 
Texas Council of Teachers of Mathematics 
Pres.—Mrs. Mozelle Schulenberger, 101 
Ross Ave., Cleburne 
V. Pres.—Keene C. VanOrden, 315 5S. 
Washington, San Angelo 
V. Pres.—Dr. Frances Flournoy, 1201 
Marshall Lane, Austin 
Secy-Treas.—-Miss Ruby K. Jones, 1009 N. 
Lee, Odessa 


Alamo District Council of Teachers of Mathe- 
matics 
Pres.—Robert C. Zirkel, 2014 Schley Ave- 
nue, San Antonio 10 
Ist V. Pres.—Mrs. Eunice Grizzard, 243 
Eisenhauer, Box 3231, San Antonio 
2nd V. Pres.—Miss Agnes Morgan, 602 
Mission, San Antonio 3 
Secy.—-George Trumbo, 
San Antonio 10 
Treas.—Phil Bauman, 1511 W. 
Place, San Antonio 1 


414 Berkshire, 


Ashby 


Greater Dallas Council of Teachers of Mathe- 
matics* 
Pres.— Dr. Frances Freese, 6856 Casa Loma, 
Dallas 
Ist V. Pres.—Miss Myrl Harris, Highland 
Park Jr. High School, Dallas 
2nd V. Pres.—J. William Brown, Woodrow 
Wilson High School, Dallas 
3rd V. Pres.—Mrs. Clara Sherrill, Sudie 
Williams School, Dallas 
4th V. Pres.—Miss Elizabeth Dice, N. 
Dallas High School, Dallas 
Cor. Secy.—Mrs. W. Ogden Kidd, 4121 
Greenbrier, Dallas 
Treas.—Mrs. Amy McMurry, 2426 Cather- 
ine, Dallas 


Houston Council of Teachers of Mathematics 

Pres.—Thelma I. Hammerling, 1502 Fair- 
view, Houston 6 

V. Pres.—Ethelen Collins, 2509 Southgate, 
Houston 

Secretary 
ton 

Treas. 


Esther Jensen, 819 Ridge, Hous- 


Lucille Rulfs, 3304 Albans, Houston 


UTAH 
Utah Council of Teachers of Mathematics 
Pres.—H. A. Christensen, Tooele Jr. High 
School, Tooele 
V. Pres. (Univ.)—Dr. James H. Wolfe, 
University of Utah, Salt Lake City 
V. Pres. (Jr. College)—M. L. Stevenson, 
Weber College, Ogden 
V. Pres. (High School)—Clifton Cook, East 
High School, Salt Lake City 
V. Pres. (Elem.)—Mrs. Ruth K. Taylor, 
Hawthorne Elementary School, Salt 
Lake City 


Secy-Treas.—Roy G. McBride, South High 
School, Salt Lake City 


VIRGINIA 


Mathematics Section, Virginia Education Asso- 
ciation 
Pres.—Colonel William Mack, Virginia Beach 
High School, Virginia Beach 
V. Pres.—Mrs. Owen Hoagland, James 
Ward High School, Winchester 
Treas.—Miss Evelyn Hair, George Wash- 
ington High School, Danville 


Arlington County Association of Teachers of 
Mathematics* 
Pres.— Mrs. Mary D. Campbell, 608 Lincoln 
St., Arlington 
V. Pres.—Alice R. Bolton, 1101 N. Kenil- 
worth, Arlington 
Secy.—Sarah Calvert Spellman, 4717 S. 
31st, Arlington 
Treas.—Simeon P. Taylor lV, 2491 N. Quint- 
ana, Arlington 


Richmond Branch of the Virginia Section of The 
National Council of Teachers of Mathematics* 
Pres.—David M. Boney, Jr., St. Chris- 
topher’s School, St. Christopher’s Rd., 
Richmond 
V. Pres.—Miss Ann Fitzgerald, Highland 
Springs High School, Highland Springs 
Secy.—Mrs. Evelyn Ward, St. Catherine’s 
School, Grove Ave., Richmond 26 
Treas.—Mrs. Virginia Atkins, Box 12, Uni- 
versity of Richmond, Richmond 26 


WASHINGTON 


Washington State Council of Mathematics 
Teachers 
Pres.—Archer Andreotti, 508 N. Willow St., 
Ellensburg 
V. Pres.—Bob Willson, Eisenhower High 
School, Yakima 
Secy.-Treas.—Liv A. Meyers, Renton High 
School, Renton 
Editor—Archer Andreotti 


Puget Sound Council of Mathematics Teachers 


Pres.—Ellen A. Carstairs, Eckstein Jr. 
High School, 3003 E. 75th St., Seattle 15 

Pres.-Elect.—Glen Evanger, Hamilton Jr. 
High School, N. 41st & Densmore, Seat- 
tle 3 

Secy.—Mildred Walker, Eckstein Jr. High 
School, 3003 E. 75th St., Seattle 15 

Treas.—Zella Stewart, Administrative «& 
Service Center, 815 Fourth Ave. N., 
Seattle 9 

Program Chm.—Nick Massey, Sealth High 
School, 2600 S. Thistle St., Seattle 6 
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WEST VIRGINIA 


West Virginia Council of Mathematics Teachers 

Pres.—James Kessel, Ravenswood High 
School, Ravenswood 

V. Pres.—Betty Peck, 1417 Sattes Circle, 
St. Albans, Nitro 

Secy.—Cada R. Parrish, 1004 Valley Rd., 
Charleston 2 

Treas.—Warren Cales, 
School, Sandstone 


Sandstone High 


WISCONSIN 


Wisconsin Mathematics Council 
Pres.—Warren B. White, 
School, Sheboygan 
V. Pres.—Vincent Brunner, Nicolet High 
School, Milwaukee 


North High 


V. Pres.—Lucille Houston, McKinley Jr. 
High School, Racine 

V. Pres.—Carl Vanderlin, Whitewater State 
College, Whitewater 

Treas.—Laura Wagner, 
School, Ft. Atkinson 

Secy.—Ray Wagner, University of Wiscon- 
sin, Extension Division, Madison 

Editor—Carroll Flanagan, Whitewater State 
College, Whitewater 


Ft. Atkinson High 


WYOMING 


Cheyenne Teachers of Mathematics 
Pres.— Michael Kouris, 109 W. Sixth Ave., 
Cheyenne 
V. Pres.—Lora Saupe, 2512 Pioneer Ave., 
Cheyenne 
Secy.-Treas.— Marian Lester, 100 E. Second 
Ave., Cheyenne 





Your professional dates 


The information below gives the name, date, 
and place of meeting with the name and ad- 
dress of the person to whom you may write for 
further information. For information about 
other meetings, see the previous issues of THE 


Matuematics Tgacuer. Announcements for 
this column should be sent at least ten weeks 
early to the Executive Secretary, National 
Council of Teachers of Mathematics, 1201 Six- 
teenth Street, N. W., Washington 6, D. C. 


NCTM convention dates 


JOINT MEETING WITH NEA 


July 1, 1959 

St. Louis, Missouri 

M. H. Ahrendt, 1201 Sixteenth Street, N.W., 
Washington 6, D. C. 


NINETEENTH SUMMER MEETING 

August 17-19, 1959 

University of Michigan, Ann Arbor, Michigan 

Phillip 8. Jones, Mathematics Department, 
University of Michigan, Ann Arbor, Michigan 


THIRTY-EIGHTH ANNUAL MEETING 


April 20-23, 1960 


Hotel Statler, Buffalo, New York 
Louis F. Scholl, Board of Education, Buffalo 2, 


New York 


Other professional dates 


Women’s Mathematics Club of Chicago and Vi- 
cinity 

May 16, 1959 

Stouffer’s Restaurant, Randolph and Michigan, 
Chicago, Illinois 

Delphine Lipecki, Glenbrook 
Northbrook, IJlinois 


Workshop for 


High School, 


Twelfth Annual Mathematics 


Teachers 
June 15-27, 1959 
Indiana University, Bloomington, Indiana 
Philip Peak, School of Education, Indiana Uni- 
versity, Bloomington, Indiana 


Tenth Annual Institute for Teachers of Mathe- 
matics, sponsored by ATMNE 

August 12-19, 1959 

University of Rhode Island, Kingston, Rhode 
Island 

Margaret C. Conneely, One Mayfair Drive, 
Rumford 16, Rhode Island 


Fortieth Summer Meeting, Mathematical Associa- 
tion of America 

August 31-September 3, 1959 

University of Utah, Salt Lake City, Utah 

Harry M. Gehman, University of Buffalo, Buf- 
falo 14, New York 
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the race is on! 


and high schools are eager to develop the mathematical 
abilities of superior students in grades 11 and 12 to meet 
the challenge of the age. We know of no better preparation 
than this advanced mathematics team by 


WILLIAM L. HART, University of Minnesota 


COLLEGE ALGEBRA AND TRIGONOMETRY 


—presents trigonometry and the standard algebraic content beyond third semester 
algebra which is desirable as preparation for Analytic Geometry and Calculus. 


—integrates basic content from analytic geometry, beyond the limited stage 
customary in college algebras. 

—develops trigonometry in the collegiate fashion, not wholly in consecutive chap- 
ters, employing results from analytic geometry with resulting simplification and 
improved logic. 

—emphasizes logical procedures maturely, but simply, throughout. 

—provides an elementary introduction to sets, 


—gives the distinctly modern development of probability from the postulational 
standpoint for a finite sample space, with an introduction to random variables. 


—supplies the solution of systems of linear equations by a nondeterminantal 


matric method, as well as by use of determinants. 


—furnishes a uniquely lucid first course in the subject with a record of outstand- 
ing success in college classes for freshmen and sophomores. 

provides a rapid approach, arriving at substantial content from both differen- 
tial and integral calculus, including elementary differential equations, in the first 
210 pages, part of which may be considered as review. 
—presents the theory in a sound fashion, but attains the desired objectives by 
intuitionally logical devices whenever analytical rigor would place the discussion 
above the level of the typical student. 


648p, text 


For each of the above texts, answers are supplied in the book for odd-numbered 
problems in exercises. Answers for even-numbered problems are available free in 


a separate pamphlet when requested by the teacher. 


D.C. HEATH AND COMPANY 
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For May publication ... anew book by 


W. W. SAWYER 


A CONCRETE APPROACH 
TO ABSTRACT ALGEBRA 


Originally written for a NSF-sponsored institute for teachers, this new 

book is a brief, understandable introduction to Modern Algebra that will 
appeal to both students and teachers. From the introduction: “. . . modern al- 
gebra did grow from school algebra. It should be possible for students (and 
teachers) to follow the line of thought that led to the new viewpoint. This 
is the me made in this book—to present modern algebra not as some en- 
tirely new thing appearing in the heavens, but as something that has grown 
from solid roots in the earth. The account is not historical, but it does try 
to connect the old familiar ideas with the new ones.” 
Contents: 1. The Viewpoint of Abstract Algebra 2. Arithmetics and Polynomials 
3. Finite Arithmetics 4. An Analogy Between Integers and Polynomials 5. An Appli- 
cation of the Analogy 6. Extending Fields 7. Linear Dependence and Vector Spaces 
8. Algebraic Calculations with Vectors 9. Vectors Over a Field 10. Fields Regarded 
As Vector Spaces 11. Trisection of an Angle 


200 pp. approx., paperbound $1.25 


f W. H. FREEMAN AND CO., 660 Market St., San Francisco 4, Calif. 

















A SMALL NUMBER 


of experienced, successful teachers and other professional workers 
in the field of public education (grades K-12) are sought to meet ex- 
panding enrollments and the development of new and advanced pro- 
grams. One or two positions calling for top-quality experienced ad- 
ministrators are also expected to open in the near future. Teachers 
with imagination and vigor are offered a thoroughly professional at- 
mosphere in which to work, a modern school plant, and professional 
salaries of first rank ($4,600 to $10,000 in fifteen steps; elementary 
and secondary administrative salaries $8,000 to $13,500; appropriate 
initial placement). Situated in eastern Nassau County within one 
hour of New York City in a suburban and semi-rural area. Excellent 
transportation; first-rank recreational and cultural facilities easily 
accessible. Wide range of housing. A brief letter setting forth edu- 
cational preparation and experience will elicit our immediate reply 
including preliminary salary data and other pertinent information. 
Write Director of Personnel, Central School District No. 2, Syosset, 
Long Island, New York. Mention publication. 
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These books express the spirit 
O f modern mathematics 


Algebra: Its Big Ideas and Basic 
Skills, Books I and II, 2nd Edition 


The modern mathematics in these books includes sym- Aiken 
bol concepts, variable, scientific notation, and in Book 
II, logic behind solving equations, function concepts, 
and topics from analytic geometry. Supplementary aids 
include Tests for Books I and II, with keys, a Complete 
Teacher’s Key for Book I, and answer keys for Books I 
and II. 


Henderson 


and Pingry 


Using Mathematics, 7-8 


Mathematics texts that cover recent recommendations of 
major commissions and committees. These books bridge 
and the gap between elementary arithmetic and high school 
Pingry mathematics. Supplementary aids include Test Prob- 
lems Workbooks for Grades 7 and 8, with keys, and 
Teacher’s Editions of the books for Grades 7 and 8. 


Henderson 


Principles of Mathematics 


For the 12th grade advanced mathematics course. In- Allendoer fer 
cludes advanced algebra, trigonometry, the calculus, and Oakley 
logic, the number system, groups, fields, sets, Boolean 

algebra, and statistics. 


Topics in Modern Mathematics Aiken and Beseman 
A 128-page booklet that ties in with algebra and geometry. Ready July 31st. 


School McGraw-Hill Book Company 


Department New York36 Chicago46 Dallas2 San Francisco 4 
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See for Yourseli—Why Countless Thousands Have Found 


THESE UNIQUE SOURCE BOOKS 


By Samuel I. Jones 
Indispensable in Their Mathematical Program. “True Friends of the Teacher, a Joy to 
Students” from the Junior High Level Through College—Should be in Every Library, 


Classroom, and Club. 


MATHEMATICAL CLUBS AND RECREATIONS 


A thorough discussion of mathematical clubs —purpose, results obtained, organization, 
programs, constitution, social activities, books for the library. Excellent selection of 
recreations—amusements, tables, riddles, games, fallacies, magic squares, multiplica 
tion oddities, etc., with solutions to recreations. 

61 illustrations 236 pages 5” x 734” Price $3.00 


MATHEMATICAL WRINKLES 


A most convenient handbook of arithmetical problems, geometrical exercises, mathe- 
matical recreations, fourth dimension, mensuration, short methods, examination ques- 
tions, answers and solutions, helps, quotations, kindergarten in numberland, tables, etc. 
94 illustrations 361 pages 5” x 734” Price $3.50 


MATHEMATICAL NUTS 


A unique companion volume to Mathematical Wrinkles, consisting of gems in mathe- 
matics—brain teasers, thought-provoking questions, interesting and stimulating prob- 
lems in arithmetic, algebra, plane and solid geometry, trigonometry, analytics, calculus, 
physics, etc., with 700 solutions. 

200 illustrations 340 pages 5” x 734” Price $3.50 


THESE TYPICAL COMMENTS SHOW THEIR TRUE VALUE! 

“I often speak to my mathematician friends about these wonderful books and the real contribu 
tions they have made to the science of mathematics.”——-Charles P. Poole, Professor of Psychology 
and, Lecturer, Graduate School, University of Michigan. 

“I used these books for supplementary purposes in a previous school in which I taught and 
believe they should be in every mathematics teacher's library.""—Leslie M. Krob, Superintendent of 
Schools, Hazelton, Kansas. 

“Contain the finest collection of practical problems that I have ever seen."’—Carl Bergman, 
Berkeley, California. 

“I couldn't part with any of the books.”—Rachel P. Keniston, Stockton College, Stockton, 


California. 


Ask at your bookstore or order copies from us subject to 
your approval. Additional information sent free on request. 


S. I. JONES COMPANY, Publisher 
1122 Belvidere Drive Nashville 4, Tennessee 
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NEW EDITION 
FIELD WORK IN MATHEMATICS 
Soft Back Only $1.75 


Computation With Approximate 
Data .25¢ 


FIELD WORK INSTRUMENTS 


Transits, Plane Tables, Alidades, Sextants, Hyp- 
someters, Angle Mirrors, Tapes, Ranging Poles, 
Leveling Rods 


GROVE'S MOTO-MATH SET 


Improved Model 
To illustrate all plane figures in Elementary, 
High School and College Mathematics 


MULTI-MODEL GEOMETRIC 
CONSTRUCTION SET 
For Solid Geometry and Modern Mathematics 


Books—Visual Aids—Models 
Outline of Mathematics Contest—free 
Send for Literature and Prices 


YODER INSTRUMENTS 


The Mathematics House Since 1930 


East Palestine, Ohio 











MATHEMATICS 


for the Academically Talented 
Student in the Secondary School 


Report of a conference sponsored 
jointly by the NEA and the NCTM 


Presents guide lines and suggestions for pro- 
viding, a program in mathematics for the aca- 
demically talented student. Discusses identifi- 
cation, administrative provisions, subject mat- 
ter, and the teacher. Selected bibliographies 
Edited by Julius H. Hlavaty. 


48 pp. 60¢ each 


NATIONAL COUNCIL OF 
TEACHERS OF MATHEMATICS 


1201 Sixteenth Street, N.W. 
Washington 6, D.C. 








| 
| 





BOOKS 


from Prentice-Hall 


Introduction to Finite 
Mathematics 


by JOHN G. KEMENY, and J. LAURIE SNELL of 
Dartmouth College, and GERALD L. THOMPSON, 
Ohio Wesleyan University 


This unique text is designed to introduce con- 
cepts in modern mathematics early in the stu- 
dent’s career, and provide the foundation for 
important topics in mathematics outside the 
calculus. Aimed at the freshman level, it in- 
cludes an introduction to: logic, set theory, 
partitions, probability theory and linear pro- 
gramming. 
372 pp. 
Pron 


oJ] 


jf _/ Arithmetic: Its 


1G ~ Structure and Concepts 


ee 


Pub. 1957 Text price $5.95 


by FRANCIS J. MUELLER, 

Maryland State Teachers College 
Written at a mature level this text views arith- 
metic as a guided system of thought based on 
reason and understanding rather than the ap- 
plication of mechanical rules. 


Professor Mueller presents the material in an 
original light, dealing with arithmetic concepts 
in accordance with what he expresses as “the 
three basic things we do with numbers”- 
(1) Synthesis (2) Analysis (3) Comparison. 
This breakdown serves as a unifying frame of 
reference for his discussions. 


279 pp. Pub. 1956 Text price $6.25 


Essential Mathematics for 
3, College Students 


by FRANCIS J. MUELLER, 

Maryland State Teachers College 
This text contains a thorough and meaningful 
review of basic arithmetic processes. Highly 
conducive to self-instruction or independent 
work, the text requires no prerequisites. It is 
so organized that when the student has com- 
pleted and detached all exercise pages, he still 
has the complete text available for future 
reference. 


288 pp. Pub. 1958 


Paper Bound 
Text price $3.95 


To receive approval copies 
promptly, write: Box 903 


PRENTICE-HALL, Inc. 


Englewood Cliffs, New Jersey 





H 
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How to help your students select 
the proper slide rule 


By ROBERT JONES, Manager of Educational Sales, Frederick Post Company 





markings cut into the face. 


that lasts a lifetime. 





WHAT TO WATCH FOR 


1. MARKINGS. Be wary of “bargain” slide rules having stamped or 
printed scales. Graduations and numbering fade or rub off. Printing 
is frequently inaccurate. It is best to buy “engine-divided” rules with 


2. MATERIALS. Slide rules made of wood, plastic or metal are not 
equal to bamboo. Changes in humidity frequently warp “bargain” 
Slide rules. Readings become undependable, cursors stick or slip 
loosely and slides do not operate properly. 


3. COST. It is not a wise investment to purchase slide rules by price 
alone, For just a little more, students can obtain a quality slide rule 








In helping your students select slide rules, 
there are no reliable ‘‘bargains’’. ‘‘Specials”’ 
selling for 75¢ to $1.25 are inadequate 
when measured against the standards listed 
above. 

“Bargains” are poor investments when 
your students can obtain a Post 10” bam- 
boo Student Slide Rule (Mannheim type) 
for only $2.81 (special classroom price). 
Properly seasoned, laminated bamboo will 
not warp or shrink and is not affected by 
humidity changes and atmospheric condi- 
tions. The slide always moves freely with- 
out artificial lubricants. Post’s Student 
Slide Rule features ‘‘engine-divided”’ scales 
similar to expensive professional rules. Each 
graduation is cut into the white celluloid 
face and becomes a permanent part of the 
rule. Scales do not wear off and are accu- 
rate for a lifetime. 


90 Day Free Trial Offer 


Many instructors have taken advantage 
of Post’s offer to furnish a 1447 slide rule 
for examination. If you haven’t, write for 
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your Post 10” Student Slide Rule on trial. 
Use it for 90 days. You'll find that for the 
special classroom price of $2.81, its quality 
construction and accuracy are unmatched. 
Then, recommend its use in your classroom. 


New Slide Rule Instruction Chart 


A newly developed Post Teaching Aid 
Chart (48” x 52”) is now available to all 
mathematics teachers. It illustrates sim- 
ple multiplication and division problems. 
The chart is priced at $1.00. 


Send your slide rule order and /or instruction 
chart order to Bob Jones, Manager-- Educa- 
tional Sales Division, Frederick Post Com- 
pany, 3650 N. Avondale Ave., Chicago 18, 
Illinois. 
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Publications to Aid Schools and Teachers 


Take Advantage of the Provisions of the 


National Defense Education Act of 1958 


A GUIDE TO THE USE AND PROCUREMENT OF TEACHING 
AIDS FOR MATHEMATICS 
by Emil J. Berger and Donovan A. Johnson 
Discusses the function, use, and selection of teaching aids and equipment for 
mathematics. Gives a comprehensive listing, with items classified according to de- 
sirability. Gives maximum prices and sources of supply. Contains bibliographies 
of library and reference materials. For both elementary and secondary levels. 


48 pp. 75¢ each. 


MATHEMATICS TESTS AVAILABLE IN THE UNITED STATES 
by Sheldon S. Myers 

A listing, as complete as possible, of all the mathematics tests available in the 

United States. Gives information as follows: name of test, author, grade levels 

and forms, availability of norms, publisher, and reference in which review of 


test can be found. 16 pp. 50¢ each. 


THE SUPERVISOR OF MATHEMATICS, HIS ROLE IN THE 
IMPROVEMENT OF MATHEMATICS INSTRUCTION 
by Veryl Schult and others 


Discusses selection of, responsibilities of, and relationship to the classroom teacher 
of the mathematics supervisor. 10 pp. 15¢ each; 10 or more copies, 10¢ each. 
Postpaid if you send remittance with order 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 
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THE GROWTH OF MATHEMATICAL 
IDEAS, GRADES K-12 


24th Yearbook of the 
National council of Teachers of Mathematics 


Attempts to suggest how basic and sound mathematical ideas, whether modern or tra- 
ditional, can be made continuing themes in the development of mathematical under- 
standings. 

Defines and illustrates some classroo:n procedures which are important at all levels of 
instruction. 

Discusses and illustrates mathematical modes of thought. 


Gives suggestions to assist teachers and supervisors in applying the ideas of the book in 
their own situations. 


TABLE OF CONTENTS 
. The Growth and Development of Mathematical Ideas in Children 
. Number and Operation 
. Relations and Functions 
. Proof 
. Measurement and Approximation 
. Probability 
. Statistics 
. Language and Symbolism in Mathematics 
. Mathematical Modes of Thought 
. Implications of the Psychology of Learning for the Teaching of Mathe- 
matics 
. Promoting the Continuous Growth of Mathematical Concepts 


517 pp. $5.00 ($4.00 to members of the Council) 
Postpaid if you send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 
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Ke e Cc h Completely New 


Demonstration Micrometer Caliper 
Large Enough for Entire Class to See 


No. 51 


Simulates standard metric micrometer caliper 
Spindle and yoke constructed of aluminum 


Nearly 3 feet long when closed 
Weighs only 12 pounds 


The principle of the micrometer screw for making exact measurements may be more effectively taught 
to larger groups with the aid of the new demonstration caliper. It is constructed almost entirely of 
metal, yet is light in weight. The barrei and thimble are constructed of heavy hard Bristol-board tubing 
to which printed scales are cemented, and are impregnated with a special waterproofing material so 
that the surfaces may be cleaned with a damp cloth. The thimble is 3'/2 inches in diameter and pro- 
vides a large easy-to-see scale. 

The operation corresponds exactly to standard metric calipers having a half-millimeter pitch and 
reading to 0.0! mm, although this instrument is many times larger. 

Zero Adjustment is accomplished by loosening a setscrew in the thimble. This also permits removing 
the entire thimble to expose the screw and its large Acme thread. Maximum opening between spindle 
and anvil is slightly more than eight inches, and the over-all height of the instrument is 16'/2 inches. 
All metal parts have a smooth gray Hammerloid finish. 


No. 51 Demonstration Micrometer Caliper Each, $74.50 
If you do not have a copy of our new Mathematics Instruments and Supplies Catalog, 
Write for your copy today! 
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